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0. ALKUSANAT / FOREWORD
Tämä teksti on kooste lukuvuonna 2015-2016 esittämistäni viikkotarinoista Oulun Lyseon lukion
matematiikan kerhossa (lempinimeltään Galois-kerho1). Esitin tarinat suomeksi, mutta teksti on
englanninkielinen ajatellen mahdollisia tuleviakin kerholaisia, joiden suomenkielen taito on
puutteellinen.
Lisäämällä otsikkoon merkinnän Part 1 (Osa 1) varaudun mahdollisuuteen jatkaa geometrisen
algebran käsittelyä pidemmällekin.
Tekstiini liittyvät kommentit ovat tervetulleita kansisivulla ilmoitettuun sähköpostiosoitteeseen.
/////
These notes summarize the series of talks I gave in the math club (nicknamed Galois1WEW club) of
Oulun Lyseo (a senior high school in Oulu, Finland).
The word ”Part 1” at the end of the title indicates that I might decide to go on deeper into the
secrets of geometric algebra.
I wish all remarks and comments welcome to my email-address given on the title page.
Oulu, Finland
January 2016
Teuvo Laurinolli

1

Évariste Galois (1811-1832), French mathematician whose discoveries opened the way to a
comprehensive theory – now known as Galois theory – of polynomial equations. He was badly
wounded in a duell and died at the age of 20.
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1. INTRODUCTION
Geometry and algebra are the two major branches of mathematics. Geometry, the most ancient
part2 of mathematics, considers 2-dimensional plane figures (points, lines, triangles,
parallelograms, circles etc) or 3-dimensional spatial objects (planes, cubes, spheres etc) and their
properties. Algebra, originally since the Middle Ages3, has been understood as the study of
numbers4 and their operations (addition, multiplication etc) using symbolic expressions
(variables, polynomials, equations etc). A central objective of algebra is to formulate general
rules obeyed by these operations.
These two domains are, of course, closely intertwined. We use algebraic methods (like
equations) to solve geometric problems and we use geometry to illustrate algebraic concepts
(like interpreting the product 𝑎𝑏 as the area of the rectangle with sides 𝑎 and 𝑏). There is a rich
variety of interaction. A vivid example of this was the invention of vector algebra in the 19th
century. Traditionally algebra had been about symbolic calculations with numbers but
mathematicians (eg. Hamilton, Grassmann and Clifford5) understood that it is possible to
construct systems of algebraic operations for geometric objects. Hamilton did this for vectors
(directed line segments). Grassmann and Clifford generalized it to even more complex geometric
objects.
In the following pages we will make an overview of these ideas. We start by reviewing the
familiar algebra of real numbers which is the basic model for all later extensions. Then we

2

The oldest known mathematical book Stoikheia (Elements) was authored by the Greek scholar
Euclid ca. 300 BC. The book presents a logical development of geometry and it was commonly
used as a high school textbook until 20th century.
3
The Persian scholar Muḥammad ibn Mūsā al-Khwārizmī (ca. 780 – 850 AC) is recognized as the
father of algebra. The word ”algebra” was a Latinized version of the Arabic word al-jabr (meaning
”collecting terms”) which appeared in the name of his book.
4
The study of numbers (natural, integer, rational etc) and their operations (addition,
multiplication etc) at the basic level (without using any letter symbols like 𝑎, 𝑏, 𝑥, 𝑦, …
) is usually called arithmetic.
5
William Rowan Hamilton (1805-1865), Irish mathematician and physicist; Hermann Grassmann
(1809-1877), German mathematician and linguist; William Kingdon Clifford (1845-1879), English
mathematician.
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proceed to the standard vector algebra in two and three dimensions (plane and space) as well as
higher dimensions. While the operation of addition has a natural and simple definition for vectors
there are a number of different options for the operation of multiplication (product) of vectors.
These include scalar, complex, vector, quaternionic, outer and geometric products. We will
consider each of these options – their technical properties as well as advantages and
disadvantages. Our final unifying extension is the geometric algebra already invented by Clifford
but forgotten for a century until recently when it was found a useful tool in computer game
programming and physics.
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2. THE ALGEBRA OF REAL NUMBERS (ℝ)
The set ℝ of real numbers contains all integers (0, ±1, ±2, ±3, … ) as well as rationals (quotients
𝑚/𝑛, where 𝑚 and 𝑛 are integers and 𝑛 ≠ 0) and irrationals (like 2, 𝜋, … ). Each real number 𝑥
is represented by a point on the number line. The absolute value 𝑥 equals the distance of the
point 𝑥 from the origin which itself corresponds to 0 as shown in Figure 1 below.

Figure 1. The number line. The origin 0 is represented by the red point. The real numbers 𝑥 ≈ 2.6 and 𝑦 ≈
−1.7 are represented by the blue points. Their (positive) absolute values 𝑥 and 𝑦 indicate the distances
from the origin to these points.

The usefulness of numbers is largely due to the fact that we can calculate (and that is what
algebra is about) with them. We can add, subtract, multiply, divide, raise to powers, take square
roots etc. Among these the most fundamental are binary operations6 of addition and
multiplication. When applied to two numbers 𝑥 and 𝑦 the addition produces their sum 𝑥 + 𝑦 and
multiplication produces their product 𝑥𝑦 (also denoted by 𝑥 ∙ 𝑦 or 𝑥×𝑦). Other operations can be
logically reduced to these two fundamental operations7 on which we therefore concentrate in
what follows. In these notes the word algebra is synonymous to the study of addition and
multiplication and their calculation rules.
In the algebra of ℝ we have the following familiar rules which hold true for all real numbers
𝑎, 𝑏, 𝑐.

6

Addition is binary in the sense that it takes two numbers (e.g. 5 and 7) and returns one number
(their sum 12). Likewise multiplication.
7
For example, the difference 𝑥 − 𝑦 is defined as the sum 𝑥 + (−𝑦), and the quotient 𝑥/𝑦 as the
product 𝑥 ∙ 1/𝑦 . Here – 𝑦 is the negative of 𝑦 and 1/𝑦 is the inverse of 𝑦.
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𝑎+𝑏 =𝑏+𝑎

(addition is commutative)

(𝑎 + 𝑏) = 𝑎 + (𝑏 + 𝑐)

(addition is associative)

𝑎𝑏 = 𝑏𝑎

(multiplication is commutative)

𝑎𝑏 𝑐 = 𝑎(𝑏𝑐)

𝑐(𝑎 + 𝑏) = 𝑐𝑎 + 𝑐𝑏

(multiplication is associative)
(multiplication is distributive over addition)

Notice that commutativity and associativity are properties of one single operation only while
distributivity ties the two operations together. Notice also that associativity rules allow us to write
”triple” expressions like 𝑎 + 𝑏 + 𝑐 and 𝑎𝑏𝑐 because it does not matter how we choose to pair the
numbers when calculating the result. The same is true for any finite sum 𝑎G + 𝑎H + ⋯ + 𝑎J or
product 𝑎G 𝑎H … 𝑎J .
In these notes we will focus on the above mentioned rules of commutativity, associativity and
distributivity although there are other important rules that addition and multiplication satisfy8.
In the next chapters we will use the algebra of real numbers as a model for setting up similar
systems for geometric objects like vectors.

8

These rules include the existence of so called neutral and inverse elements. For addition the
neutral element is 0 and the inverse of 𝑥 is −𝑥 which exists for all reals 𝑥. For multiplication the
neutral element is 1 and the inverse of 𝑥 is 1/𝑥 which exists for all nonzero reals 𝑥.
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3. VECTOR ALGEBRA
We begin by considering vectors in the two-dimensional plane ℝH . (The symbol ℝ denotes the
one-dimensional line where the location of each point can be specified by one real number. In the
plane you can specify each point by two real numbers, for example by the 𝑥- and 𝑦-coordinates9 of
the point. Hence the symbol ℝH for the plane.)
Vectors in ℝH (or plane vectors) represent displacements in the plane. To specify a displacement
(i.e. a vector) you have to specify its direction and length (also called absolute value of the vector).
All vectors with the same direction and length are considered equal (see Figure 2).

Figure 2. Displacements AB and CD are equal, so both represent the same vector 𝒃. Similarly AE and FG are
the same vector 𝒂. But 𝒂 ≠ 𝒃 because they have different directions (even if they have equal lengths). We
follow here the usual convention of denoting vectors with boldface symbols 𝒂, 𝒃, … in distinction from real
numbers (or scalars) 𝑎, 𝑏, … .

Vectors have turned out very useful tools in many areas and particularly in physics. Great many
physical magnitudes have a vector character. Familiar examples in mechanics are position,
velocity, acceleration and force. In studying the motion of a ship, for example, it is crucial to know
not only the absolute value (magnitude) but also the direction of its velocity. In contrast to vector
magnitudes in physics there are other directionless magnitudes like time, mass, temperature etc.

9

Coordinates can be defined by placing two number lines perpendicular to each other so that
their origins coincide. Call these lines 𝑥- and 𝑦-axes. The coordinates of any point P in the plane
are then obtained as orthogonal (perpendicular) projections of P on these axes.

9
They are called scalar10 magnitudes. They are defined by a single real number and a unit like, for
example 42.3 seconds, 56 kilograms etc.
How then can we do algebra with vectors? For that purpose we need to define the binary
operations of addition (sum of two vectors) and multiplication (product of two vectors) in a
reasonable way.
ADDITION OF VECTORS
To define the sum of vectors 𝒂 and 𝒃 it is useful to think them as displacements. The total
displacement (first by 𝒂 and then continued by 𝒃) would be a natural candidate for 𝒂 + 𝒃. And in
fact this definition provides us with a notion of sum which enjoys all the nice properties that hold
true for the sums of real numbers (see Figure 3).

Figure 3. The definition of vector addition as the total displacement. The sum of two vectors is clearly
commutative. We can similarly define the sum of three of more vectors and this sum is also commutative
(independent of the order) and associative (independent of pairing).

SCALAR MULTIPLICATION OF VECTORS
Before trying to define the product of two vectors it is useful to introduce the operation of scalar
multiplication where we multiply a vector by a real number (scalar). This operation may be seen
simply as another way of denoting sums where the same vector is repeated. So we write

10

In physics real numbers are often called scalars because they express a quantity (like mass) in
scale, that is, in relation to the chosen unit (like kilogram). The same terminology is used generally
in vector algebra. The absolute value (magnitude or length) of a vector is given by a scalar. But to
define a plane vector (vector in ℝH ) completely we have to specify also its direction by another
scalar (the angle the vector makes with a given axis). For a vector in the 3-dimensional space ℝM ,
specifying its direction requires two scalars, i.e. three scalars altogether as one is required for the
absolute value. This generalizes to higher dimensions: you need 𝑛 scalars to specify a vector in ℝJ .
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𝒂 + 𝒂 = 2𝒂 , 𝒂 + 𝒂 + 𝒂 = 3𝒂 , etc
So for a positive integer 𝑛 the vector 𝑛𝒂 has the same direction as 𝒂 but is 𝑛 times as long as 𝒂.
This idea works naturally for a general scalar multiple 𝑥𝒂 where 𝑥 is any real number (not
necessarily an integer). In case 𝑥 is negative the direction of 𝒂 is reversed.
With sums and scalar multiples defined we can meaningfully write algebraic vector expressions
like 2𝒂 + 5𝒃,

G
M

𝒂 − 𝒃 2, 𝑘(𝒂 + 𝑙𝒃), etc.

ORTHONORMAL BASIS VECTORS
The plane ℝH in which our vectors ”live” is often equipped with a system of coordinates consisting
of two orthogonal number lines (𝑥- and 𝑦-axes) with the common origin. It is then useful to
introduce basis vectors 𝒆G and 𝒆H which are parallel with the axes and have unit length.

Figure 4. Orthonormal basis 𝒆G , 𝒆H for the plane ℝH consists of two perpendicular unit vectors 𝑒G and 𝑒H
aligned with the coordinate axes. Every vector in the plane can be expressed as a linear combination of the
basis vectors. For example, 𝒂 = 2𝒆G + 2𝒆H and 𝒃 = −𝒆G + 2𝒆H . Generally, if 𝒓 is a position vector11 of the
point (𝑥, 𝑦) then 𝒓 = 𝑥𝒆G + 𝑦𝒆H .

If vectors are given in terms of the orthonormal basis we can add and scalar multiply them exactly
as we do with apples (𝒆G ) and oranges (𝒆H ). For example, in Figure 4 we have

11

The position vector of a given point P extends from the origin to P. In Figure 4, for example, the
vector 𝒂 is the position vector of the point P = (2, 2).

11
𝒂 + 𝒃 = (2 − 1)𝒆G + 2 + 2 𝒆H = 𝒆G + 4𝒆H
3𝒃 = 3(−𝒆G ) + 3 ∙ 2𝒆H = −3𝒆G + 6𝒆H
So you add vectors simply by collecting apples and oranges and you scalar multiply a vector simply
by multiplying both apples and oranges by this scalar.
REMARK ON BASES
In fact, any two non-parallel vectors can be used as a basis for the plane ℝH but it is most
convenient to choose the orthonormal basis 𝒆G , 𝒆H which has a natural connection to the
coordinates as indicated in the subtext of Figure 4. One nice consequence of this connection is
that we can easily calculate the absolute values (lengths) and direction angles of vectors specified
in this basis. Take, for example, vector 𝒃 = −1𝒆G + 2𝒆H in Figure 4. By Pythagoras’ Theorem we
have 𝒃 =

(−1)H + 2H = 5. (For a general vector 𝒓 = 𝑥𝒆G + 𝑦𝒆H we have an analogous

expression for its absolute value, 𝒓 =

𝑥 H + 𝑦 H .) The direction of 𝒃 can be expressed by the

angle 𝛽 it makes with the 𝑥-axis. Simple circular trigonometry gives tan 𝛽 = 2 (−1) = −2 from
which calculator (and a bit of reflection) gives 𝛽 ≈ 116°. (In general the direction angle 𝜃 of the
vector 𝒓 = 𝑥𝒆G + 𝑦𝒆H satisfies tan 𝜃 = 𝑦 𝑥.)
We have successfully completed the definition of vector addition and scalar multiplication which is
a special form of addition. These operations remain unchanged when we go over to higher
dimensions ℝM , ℝY , etc and all familiar rules (commutativity and associativity in particular) remain
true for them.
We now turn our attention to a harder (and more interesting) question: how should we define the
multiplication operation for vectors in ℝH and (later) in higher dimensions? Mathematicians have
found many answers to this question. In the next chapters we will consider the following variants
for the product of two vectors 𝒂 and 𝒃 : (1) scalar product / dot product / inner product 𝒂 ∙ 𝒃, (2)
complex product 𝒂 ∗ 𝒃, (3) vector product / cross product 𝒂×𝒃, (4) quaternion product 𝒂 ⋄ 𝒃, (5)
outer product / exterior product 𝒂⋀𝒃 and finally (6) geometric product 𝒂𝒃.
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4. SCALAR PRODUCT OR DOT PRODUCT 𝒂 ∙ 𝒃
This version of vector multiplication, denoted by 𝒂 ∙ 𝒃 (hence the nickname dot product), was
originally invented for physical applications and particularly for the calculation of physical work
(𝑊, a scalar value) done by a force (vector 𝑭) dragging a load over a distance (a displacement 𝒔,
another vector). It turns out that 𝑊 = 𝑭𝒔 ∙ 𝒔 where 𝑭𝒔 is the projection of 𝑭 along the line of
displacement vector 𝒔. The expression 𝑭𝒔 ∙ 𝒔 was then defined to be 𝑭 ∙ 𝒔, the scalar product of
the vectors 𝑭 and 𝒔. This idea is generalized for all vectors in Figures 5 and 6 below.

Figure 5. Scalar product of vectors 𝒂 and 𝒃 in case they make an acute angle (0° ≤ 𝜃 ≤ 90°).
LEFT: vector 𝒃𝒂 is the projection of 𝒃 on the line of vector 𝒂. RIGHT: vector 𝒂𝒃 is the projection of 𝒂 on the
line of vector 𝒃. From the similar triangles OBC and OAD it follows that the products of lengths 𝒂 ∙ 𝒃𝒂
and 𝒃 ∙ 𝒂𝒃 are equal. This product is called the scalar product 𝒂 ∙ 𝒃 of the vectors 𝒂 and 𝒃. Hence we
have 𝒂 ∙ 𝒃 = 𝒂 ∙ 𝒃𝒂 = 𝒃 ∙ 𝒂𝒃 . It is called scalar product because the answer is a (non-negative) real
number.

Figure 6. Scalar product of vectors 𝒂 and 𝒃 in case they make an obtuse angle (90° < 𝜃 ≤ 180°).
LEFT: vector 𝒃𝒂 is the projection of 𝒃 on the line of vector 𝒂. Now 𝒃𝒂 and 𝒂 have opposite directions.
RIGHT: vector 𝒂𝒃 is the projection of 𝒂 on the line of vector 𝒃. Now 𝒂𝒃 and 𝒃 have opposite directions.
From the similar triangles OBC and OAD it follows that the products of lengths 𝒂 ∙ 𝒃𝒂 and 𝒃 ∙ 𝒂𝒃 are
equal. Now the negative of this product is called the scalar product 𝒂 ∙ 𝒃 of the vectors 𝒂 and 𝒃. Hence we
have 𝒂 ∙ 𝒃 = − 𝒂 ∙ 𝒃𝒂 = − 𝒃 ∙ 𝒂𝒃 . It is called scalar product because the answer is a (negative) real
number.
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Cosine formula for scalar product
The definition presented in figures 5 and 6 can be summarized by a simple formula:
𝒂 ∙ 𝒃 = 𝒂 ∙ 𝒃 ∙ cos 𝜃

which is true because 𝒃 ∙ cos 𝜃 =

+ 𝒃𝒂 if 0° ≤ 𝜃 ≤ 90°
.
− 𝒃𝒂 if 90° < 𝜃 ≤ 180°

Consequences
H

(1)

𝒂∙𝒂= 𝒂

(2)

𝒂 ∙ 𝑡𝒂 = 𝑡 𝒂

(3a)

If 𝒂 and 𝒃 have the same direction (𝜃 = 0°), then 𝒂 ∙ 𝒃 = 𝒂 ∙ 𝒃

(3b)

If 𝒂 and 𝒃 have the opposite direction (𝜃 = 180°), then 𝒂 ∙ 𝒃 = − 𝒂 ∙ 𝒃

(4)

If 𝒂 and 𝒃 are orthogonal (𝒂 ⊥ 𝒃), then 𝒂 ∙ 𝒃 = 0

(5)

cos 𝜃 = 𝒂 ∙ 𝒃

H

[𝑡 is a scalar]

𝒂 ∙ 𝒃

Scalar products of orthonormal basis vectors 𝒆G and 𝒆H
𝒆G ∙ 𝒆G = 𝒆H ∙ 𝒆H = 1
𝒆G ∙ 𝒆H = 𝒆H ∙ 𝒆G = 0
These two facts can be neatly summarised as
𝒆o ∙ 𝒆p = 𝛿op ,
where the Kronecker delta symbol 𝛿op is defined by
𝛿op =

1, if 𝑖 = 𝑗
0, if 𝑖 ≠ 𝑗

Algebraic properties of the scalar product
𝒂∙𝒃=𝒃∙𝒂

(commutative)

𝒂∙ 𝒃+𝒄 =𝒂∙𝒃+𝒂∙𝒄

(distributive over vector addition)

Commutativity follows immediately from the definition (or from the cosine formula). Distributivity
can be verified by drawing projections as in Figures 5 and 6.
Example 1. Let 𝒂 = 2𝒆G + 5𝒆H and 𝒃 = 3𝒆G − 4𝒆H . Calculate 𝒂 ∙ 𝒃.
Solution: We have
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𝒂 ∙ 𝒃 = (2𝒆G + 5𝒆H ) ∙ (3𝒆G − 4𝒆H )

[use distributivity]

= 2𝒆G ∙ 3𝒆G − 2𝒆G ∙ 4𝒆H + 5𝒆H ∙ 3𝒆G − 5𝒆H ∙ 4𝒆H
=2∙3−0+0−5∙4
= −14 .
Notice that we could have found the answer by simply multiplying the coefficients of the
respective basis vectors i.e. 2 ∙ 3 + 5 ∙ −4 = 6 − 20 = −14.

Coordinate form of the scalar product
Let 𝒂 = 𝑎G 𝒆G + 𝑎H 𝒆H and 𝒃 = 𝑏G 𝒆G + 𝑏H 𝒆H . Then
𝒂 ∙ 𝒃 = 𝑎G 𝑏G + 𝑎H 𝑏H .
Proof: Just apply distributivity rule as in the above example.
NB! This makes scalar product a handy tool when the vectors are given in an orthonormal basis.

SCALAR PRODUCT IN ℝM AND HIGHER DIMENSIONS
The definition of scalar product 𝒂 ∙ 𝒃 (as the product of 𝒂 and 𝒃𝒂 ) extends naturally to threedimensional space vectors (vectors in ℝM ). Also the cosine rule 𝒂 ∙ 𝒃 = 𝒂 ∙ 𝒃 ∙ cos 𝜃 is valid
unchanged. So is the coordinate form for the scalar product of vectors given in an orthonormal basis

𝒆G , 𝒆H , 𝒆M where 𝒆M is pointing to the direction of 𝑧-axis. Hence if 𝒂 = 𝑎G 𝒆G + 𝑎H 𝒆H + 𝑎M 𝒆M and
𝒃 = 𝑏G 𝒆G + 𝑏H 𝒆H + 𝑏M 𝒆M are two space vectors then 𝒂 ∙ 𝒃 = 𝑎G 𝑏G + 𝑎H 𝑏H + 𝑎M 𝑏M .
It is worth noticing that the coordinate form generalizes naturally to any finite-dimensional space
ℝJ where 𝑛 is a positive integer. You just add more orthonormal basis vectors 𝒆Y , 𝒆v , … , 𝒆J to care
of the new coordinate axes. The cosine form, however, is not so obvious because we do not have
a clear idea what the notion of an intermediate angle 𝜃 can mean in these higher-dimensional
spaces. Indeed, the cosine form can then be used to define the concept of angle by turning the
cosine form upside down: cos 𝜃 = 𝒂 ∙ 𝒃

𝒂 ∙ 𝒃 . The right hand side can be calculated by

using the coordinate form and remembering that 𝒂 = 𝒂 ∙ 𝒂 .
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REAL NUMBER ALGEBRA AS A SPECIAL CASE OF VECTOR ALGEBRA
Above we have defined a vector algebra in ℝH with addition and dot product serving as the basic
operations. We observed that this algebra extends naturally into higher dimensions ℝJ . But what
about going to the lower dimension, the usual number line ℝ = ℝG . Indeed, we may consider real
numbers as vectors, that is vectors pointing from the origin to the points of 𝑥-axis which plays then
the role of real number line. Call such vectors real vectors. For these vectors there is only one basis
vector, namely 𝒆G , and every real vector is of the form 𝑎𝒆G , where 𝑎 is a real number (just the
number the vector 𝑎𝒆G is pointing to). It easy to see that addition of two real vectors 𝑎𝒆G and 𝑏𝒆G ,
gives (𝑎 + 𝑏)𝒆G which points to the real number 𝑎 + 𝑏, in full coherence of the addition or real
numbers. Likewise the scalar product of 𝑎𝒆G and 𝑏𝒆G gives (using the coordinate formula) 𝑎𝑏, the
usual product of real numbers to which these two vectors are pointing to.
WHY NOT STOP HERE?
Well, you might think, now we have the scalar product (dot), a nice vector multiplication
operation, easy to calculate in various ways and working fine (distributively) with addition. It is
also physically meaningful (e.g. in calculating the work done by a force). Why don’t we stop here
and build our vector algebra (in any dimension) on the operations of addition 𝒂 + 𝒃 and scalar
product 𝒂 ∙ 𝒃?
True, we now have a very useful algebraic machinery at our disposal and a lot can be done with it.
However, mathematically, we cannot be fully satisfied with the concept of scalar product. We
would like to have a way of multiplying vectors where the answers are also vectors. This is not the
case for the scalar product where the answers are real numbers. There are also physical situations
(particularly in studying electromagnetism) where it would be useful, even necessary, to get
vector answers. Therefore we continue our search for other variants of multiplying vectors. And
this turns out to be a fascinating excursion!
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5. COMPLEX PRODUCT 𝒂 ∗ 𝒃 in ℝ𝟐
We now introduce our second version of vector multiplication which we call complex product or
rotational product (although this is no standard terminology). This product is defined only in ℝH ,
that is for plane vectors 𝒂 = 𝑎G 𝒆G + 𝑎H 𝒆H and 𝒃 = 𝑏G 𝒆G + 𝑏H 𝒆H . Like the scalar product, also the
complex product (denoted here by 𝒂 ∗ 𝒃, again no standard notation) can be defined in two
different ways: geometrically in terms of lengths and directions of 𝒂 and 𝒃 or algebraically in
terms of their expressions in the basis 𝒆G , 𝒆H .
GEOMETRIC DEFINITION OF 𝒂 ∗ 𝒃
The definition is explained in Figure 7 below.

Figure 7. The complex product of the plane vectors 𝒂 and 𝒃. The directions of these vectors are
given by the angles 𝛼 and 𝛽 they make with a fixed axis of reference (which may be assumed to be
the 𝑥-axis or real axis). The length of the product vector 𝒂 ∗ 𝒃 is equal to the product of the
lengths of 𝒂 and 𝒃. That is 𝒂 ∗ 𝒃 = 𝒂 ∙ 𝒃 . The direction angle of the product vector 𝒂 ∗ 𝒃 is
the sum of the direction angles 𝛼 and 𝛽. The product vector 𝒂 ∗ 𝒃 sits in the same origin as the
factor vectors 𝒂 and 𝒃 but is shown here separately for the sake of visual clarity. (Notice that if the
vectors 𝒂 and 𝒃 are both parallel to the axis of reference, that is along the axis, then the direction
angles 𝛼 and 𝛽 are either 0° or 180° and the complex product vector 𝒂 ∗ 𝒃 is along the same axis.
This situation corresponds to the usual multiplication of real numbers.)
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Algebraic properties of the complex product
𝒂∗𝒃=𝒃∗𝒂

(commutative)

𝒂∗ 𝒃+𝒄 =𝒂∗𝒃+𝒂∗𝒄

(distributive over vector addition)

𝑡𝒂 ∗ 𝒃 = 𝒂 ∗ 𝑡𝒃 = 𝑡(𝒂 ∗ 𝒃)

(free mobility of the scalar factor 𝑡)

Commutativity and scalar factor rule are self-evident from the above definition. Distributivity can
also be demonstrated by a careful drawing exercise.

As in the case of the scalar product it is again useful to express the complex product 𝒂 ∗ 𝒃 in the
coordinate form, that is in terms of orthonormal12 basis vectors 𝒆G and 𝒆H . So we assume again
that our vectors ”live” in the usual Cartesian coordinate system with orthogonal 𝑥- and 𝑦-axes
which are parallel to the basis vectors. We also assume that the 𝑥-axis is the axis of reference (also
called the real axis) against which all direction angles are measured. Hence the 𝑥-directed basis
vector 𝒆G represents the real number 1 and generally the vector 𝑎𝒆G represents the real number 𝑎.
Complex products of the orthonormal basis vectors
𝒆G ∗ 𝒆G = 𝒆G
𝒆H ∗ 𝒆H = −𝒆G
𝒆G ∗ 𝒆H = 𝒆H ∗ 𝒆G = 𝒆H
These results follow immediately from the above definition (Figure 7) because the lengths of the
basis vectors are 𝒆G = 𝒆H = 1 and their direction angles are 0° and 90°.

Coordinate form of the complex product
Consider the plane vectors 𝒂 = 𝑎G 𝒆G + 𝑎H 𝒆H and 𝒃 = 𝑏G 𝒆G + 𝑏H 𝒆H . Then
𝒂 ∗ 𝒃 = 𝑎G 𝑏G − 𝑎H 𝑏H 𝒆G + 𝑎G 𝑏H + 𝑎H 𝑏G 𝒆H
This result follows easily from the previous box using distributivity rule.

Example 2. Let 𝒂 = 3𝒆G − 2𝒆H and 𝒃 = 7𝒆G + 9𝒆H . Calculate the complex product 𝒂 ∗ 𝒃.
12

Remember that orthonormal vectors are perpendicular unit vectors.
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Solution: By the coordinate formula we have
𝒂 ∗ 𝒃 = 3 ∙ 7 − (−2) ∙ 9 𝒆G + 3 ∙ 9 + (−2) ∙ 7 𝒆H
= 39𝒆G + 15𝒆H .

Above we have used the Cartesian13 coordinates 𝑥 and 𝑦 to identify each point P = (𝑥, 𝑦) in the
plane ℝH . The corresponding position vector (from the origin O to P) is then OP = 𝑥𝒆G + 𝑦𝒆H . It is
often useful to introduce polar coordinates which identify each point P of the plane by its radius
and direction. The radius 𝑟 is equal to the distance of P from the origin O, i.e. the length of the
vector OP. The direction 𝜃 is the direction angle of this vector, that is the angle between OP and
the 𝑥-axis (see Figure 8).

Figure 8. The point P has Cartesian coordinates (𝑥, 𝑦) and polar coordinates (𝑟, 𝜃). From the right
triangles we see that 𝑥 = 𝑟 cos 𝜃 and 𝑦 = 𝑟 sin 𝜃 as well as 𝑟 H = 𝑥 H + 𝑦 H and tan 𝜃 = 𝑦/𝑥. The
position vector (in red) OP = 𝑥𝒆G + 𝑦𝒆H = 𝑟 cos 𝜃 𝒆G + 𝑟 sin 𝜃 𝒆H = 𝑟(cos 𝜃 𝒆G + sin 𝜃 𝒆H ).
COMPLEX PRODUCT IN POLAR COORDINATES
Polar coordinates are ideal for calculating the complex products of vectors. Assume that the
vector 𝒂 has polar coordinates (𝑟G , 𝜃G ) and the vector 𝒃 has polar coordinates (𝑟H , 𝜃H ). It follows
from the definition (Figure 7) that the radius (length) of the complex product 𝒂 ∗ 𝒃 is a vector
whose length (radius) is equal to 𝑟 = 𝒂 ∙ 𝒃 = 𝑟G 𝑟H and its direction angle 𝜃 = 𝜃G + 𝜃H . So 𝒂 ∗ 𝒃
has polar coordinates 𝑟, 𝜃 = (𝑟G 𝑟H , 𝜃G + 𝜃H ).

13

So named after the French mathematician René Descartes (1596-1650), the inventor of
coordinate systems. His Latin name was Cartesius.
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This fact can be used to prove trigonometric theorems. Take 𝒂 and 𝒃 to be unit vectors, that is
𝑟G = 𝑟H = 1 with direction angles 𝜃G and 𝜃H . So we have (as explained in Figure 8) that 𝒂 =
cos 𝜃G 𝒆G + sin 𝜃G 𝒆H and 𝒃 = cos 𝜃H 𝒆G + sin 𝜃H 𝒆H . Then 𝒂 ∗ 𝒃 is also a unit vector (𝑟 = 𝑟G 𝑟H =
1) and its direction angle is 𝜃 = 𝜃G + 𝜃H . Then we can also express the product vector 𝒂 ∗ 𝒃 in
terms of the basis vectors in the form
𝒂 ∗ 𝒃 = cos 𝜃 𝒆G + sin 𝜃 𝒆H = cos(𝜃G + 𝜃H ) 𝒆G + sin(𝜃G + 𝜃H ) 𝒆H .
But we can also calculate the same product by the distributive rule as above in Example 2:
𝒂 ∗ 𝒃 = cos 𝜃G 𝒆G + sin 𝜃G 𝒆H ∗ (cos 𝜃H 𝒆G + sin 𝜃H 𝒆H )
= (cos 𝜃G cos 𝜃H − sin 𝜃G sin 𝜃H ) 𝒆G + (cos 𝜃G sin 𝜃H + sin 𝜃G cos 𝜃H ) 𝒆H .
The two results must be identical. Therefore we have
cos(𝜃G + 𝜃H ) = cos 𝜃G cos 𝜃H − sin 𝜃G sin 𝜃H
sin(𝜃G + 𝜃H ) = cos 𝜃G sin 𝜃H + sin 𝜃G cos 𝜃H
which are the well-known addition formulae to be found in books (e.g. MAOL).
COMPLEX NUMBERS
Historically the idea of complex product was invented long time before the concept of vector was
around14. Above we have defined the complex product as an operation for vectors. In
mathematics, however, the complex product is usually seen as an operation in the set ℂ of
complex numbers which is an extension of the familiar set ℝ of real numbers. While the set ℝ is
geometrically represented by points of the number line the set ℂ is represented by points of the
number plane of which the ℝ-line is a small part like 𝑥-axis is but a small part of the whole 𝑥𝑦-

14

It may have been thought already by the ancient Greeks but Italian mathematicians Rafael
Bombelli (1526-1572) and Girolamo Cardano (1501-1576) certainly used it in the study of
equations. For them it was an operation for an extended set of numbers (so called complex
numbers, later identified with points of the xy-plane). The concept of vector was introduced only
three centuries later by the Irish mathematician William Rowan Hamilton (1805-1865) and others
even though Carl Friedrich Gauss (1777-1855) depicted complex numbers as ”arrows” from the
origin to the points of plane.
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plane. This representation can be extended to further vectors since points and (position) vectors
are essentially identical.
In the original complex number terminology basis vectors are not used but 𝒆G is simply written as
the real number 1. The other basis vector 𝒆H points to a non-real point (0, 1) on the 𝑦-axis and this
point is thought to represent a new kind of non-real number unit denoted by the symbol 𝑖 which –
for historical reasons – is called the imaginary unit.
In this approach the plane vector 𝒛 = 𝑥𝒆G + 𝑦𝒆H is replaced by the ”number” 𝑧 = 𝑥 + 𝑦𝑖. These
numbers are called complex numbers – complex because they are combinations (or complexes) of
a real number 𝑥 and an imaginary number 𝑦𝑖. The real numbers 𝑥 and 𝑦 are simply coordinates of
the point where the number 𝑧 = 𝑥 + 𝑦𝑖 is located. The above mentioned product rules for the
basis vectors can now be translated into rules for complex number algebra which turns out to
work exactly as the algebra of real numbers. The only new rule is that 𝑖 H = −1 which is just a
complex number language version of our vector rule: 𝒆H ∗ 𝒆H = −𝒆G . (In writing the equation
𝑖 H = −1 we have omitted * as the symbol of complex product. Instead of 𝑖 ∗ 𝑖 we write simply
𝑖𝑖 = 𝑖 H following the familiar notation for the product of two numbers.)
As in case of vectors we can write any complex number 𝑧 in Cartesian or polar form
𝑧 = 𝑥 + 𝑦𝑖 = 𝑟(cos 𝜃 + 𝑖 sin 𝜃).
The discovery of complex numbers has opened doors to a new and extremely rich territory of
mathematics which has turned into an indispensable tool for modern physics.
EULER EQUATION
As an example of the treasures of complex numbers we derive the famous equation of Leonhard
Euler15 which shows that the trigonometric functions cos 𝑥 and sin 𝑥 and the exponential function
𝑒 | are close relatives – a fact which remains undetected if we allow the variable 𝑥 to have only
real number values. Letting 𝑥 free to range the complex plane makes this kinship apparent.

15

Leonhard Euler (1707-1783), a Swiss mathematician, probably the most productive of all time.
The publication of his Opera omnia (Collected works) began in 1911 and to this date (2015)
already 76 thick volumes have been printed.
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It is a well known fact that for the real values of 𝑥 these functions can be expressed as infinite
polynomials, called series expansions, which also provide the algorithms for the calculators to
respond when you press these function buttons:
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In the two latter expansions it is assumed that 𝑥 is an angle in radians (not in degrees).
We can now allow complex number values for 𝑥 because calculating polynomials involves only
addition and multiplication which (for complex numbers) follow exactly the same rules as for real
numbers. So let us put 𝑥 = 𝜃𝑖 where 𝜃 is a real number and 𝑖 is the imaginary unit (another name
for the unit basis vector 𝒆H ). Then calculate the powers of 𝑥 appearing in the above expansions
remembering that 𝑖 H = −1. We have
𝑥 • = 𝜃𝑖

•

=1

𝑥 G = 𝜃𝑖

G

= 𝜃𝑖

𝑥 H = 𝜃𝑖

H

= −𝜃 H

𝑥 M = 𝜃𝑖

M

= −𝜃 M 𝑖

𝑥 Y = 𝜃𝑖

Y

= 𝜃Y

𝑥 v = (𝜃𝑖)v = 𝜃 v 𝑖
etc.
Substituting these to the expansion of 𝑒 | and rearranging the terms into two groups (even powers
and odd powers) we notice that the the even powers constitute exactly the expansion of cos 𝜃
and the odd powers respectively constitute the expansion of sin 𝜃 ∙ 𝑖 = 𝑖 sin 𝜃. So we have
𝑒 oƒ = cos 𝜃 + 𝑖 sin 𝜃 .
This is the Euler equation which shows exponential and trigonometric functions as close relatives.
In particular, for 𝜃 = 𝜋, we get
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𝑒 o„ = −1 or

𝑒 o„ + 1 = 0

which is sometimes called the most beautiful equation of mathematics because it connects the
five important mathematical constants: 0, 1, 𝜋, 𝑒 and 𝑖.
Note that the Euler equation allows us to write the polar coordinate form of a complex number
very concisely as follows
𝑧 = 𝑟 cos 𝜃 + 𝑖 sin 𝜃 = 𝑟𝑒 oƒ .
This is sometimes called the exponential form of 𝑧 but essentially it is the polar form with 𝑟 and 𝜃
shown instead of Cartesian coordinates 𝑥 and 𝑦.

THE NORM OF A COMPLEX NUMBER
Consider a complex number 𝑧 = 𝑥 + 𝑦𝑖. The non-negative real number 𝑥 H + 𝑦 H is called the
norm (or absolute value) of 𝑧 and denoted by 𝑧 . It is equal to the distance of the point 𝑧 = (𝑥, 𝑦)
from the origin, or in vector terminology, the length of the position vector of that point.
By Euler equation we have 𝑒 oƒ =

cos 𝜃

H

+ sin 𝜃

H

= 1 which implies that the complex

number 𝑒 oƒ always (that is, for all values of 𝜃) lies on the origin-centred unit circle. The value of 𝜃
indicates the direction angle of the point (or the vector) 𝑒 oƒ in radians (see Figure 9).

Figure 9. The complex number 𝑒 oƒ shown as a vector. As 𝜃 increases from 0 to 2𝜋 (in radians) the
point 𝑒 oƒ moves around the origin-centred unit circle. The norm of 𝑒 oƒ is always equal to one.
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ROTATION IN THE COMPLEX PLANE
Let 𝑧 be a complex number, that is a point (vector) in the complex plane. If you want to rotate this
point by an angle 𝜃 about the origin you can do it simply by calculating the complex product 𝑒 oƒ 𝑧.
By definition the complex multiplication means multiplying the lengths (norms) of the vectors 𝑒 oƒ
and 𝑧. The former is 1 and hence the length (norm) of the product is equal to the norm of 𝑧. Hence
𝑒 oƒ 𝑧 lies on the same origin-centred circle as 𝑧. Furthermore, by the definition again, the direction
angle of the complex product 𝑒 oƒ 𝑧 is obtained by adding the direction angles of 𝑒 oƒ (which is 𝜃)
and 𝑧. Hence the point (or vector) corresponding the product 𝑒 oƒ 𝑧 is obtained by rotating the
point (or vector) corresponding to 𝑧 by an angle 𝜃 about the origin (see Figure 10).

Figure 10. Multiplying 𝑧 by the complex factor 𝑒 oƒ rotates the point (vector) 𝑧 by the angle 𝜃. The
original point 𝑧 and the rotated point 𝑒 oƒ 𝑧 are on the same origin-centred circle. The norms of
these two complex numbers are equal: 𝑧 = 𝑒 oƒ 𝑧 .
WHY NOT STOP HERE?
The complex product 𝒂 ∗ 𝒃 seems an ideal candidate for the multiplication of vectors. Together
with vector addition 𝒂 + 𝒃 it satisfies all rules (associativity, commutativity, distributivity etc) that
are valid for real numbers and make their algebra such an effective tool for a vast range of
applications in sciences and even in everyday life. Why then should we seek any other ways of
defining the multiplication of vectors?
True, complex algebra for the plane vectors (or complex ”numbers” as they are customarily called
in this case), is also a very beautiful and extremely effective tool in many areas, particularly in
physics. But there is a crucial limitation: it works only in two-dimensional case for plane vectors in
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ℝH . This is so because the complex product 𝒂 ∗ 𝒃 is essentially a rotation in the plane. However,
we would like to have vector algebra which would generalize to higher dimensions and particularly
to ℝM which is the mathematical counterpart of our three-dimensional space. That’s why we
continue our search for different ways of defining the product of two vectors. (For the addition of
vectors we already found a natural and well-functioning definition which generalizes to all
dimensions in ℝJ .)
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6. VECTOR PRODUCT OR CROSS PRODUCT 𝒂×𝒃
PHYSICAL BACKGROUND
The idea of the cross product of two vectors was first conveived by physicists who needed a
mathematical concept to describe notions like torque (twist or moment16) caused by a force which
makes an object rotate about a fixed axis (see Figure 11).

Figure 11. A bar OA can rotate around the fixed axis point O. The rotation is caused by a force on
the point A of the bar. This force vector 𝑭 makes an angle 𝜃 with the direction OA. The torque
(twisting effect) is due to the force component 𝑭… = 𝑭 sin 𝜃 (in red) which is perpendicular to 𝒓,
the position vector of A. From physical experience we know that the magnitude of the torque is
proportional to the magnitude of 𝑭… and and the magnitude of 𝒓. Therefore it is natural to define
the torque vector 𝑴 as a vector whose magnitude is 𝑴 = 𝑭… ∙ 𝒓 = 𝑭 ∙ 𝒓 ∙ sin 𝜃. The
direction of torque vector is defined to be perpendicular to the plane of rotation. (It cannot be in
the plane because the directions of 𝑭 and 𝒓 (which are in the plane) are constantly changing
during the rotation. The vector 𝑴 is called the cross product of 𝑭 and 𝒓, in symbols 𝑴 = 𝑭×𝒓.
It is clear from the Figure 11 that the operation of cross product requires a three-dimensional
space ℝM as its background environment. The product vector 𝑭×𝒓 is not in the same plane with its
factor vectors 𝑭 and 𝒓.
Besides the torque 𝑴 there are many other physical concepts which are aptly described by cross
products two vectors. Examples include angular momentum17 𝑳 = 𝒓×𝒑 in mechanics and Lorentzforce18 𝑭 = 𝒗×𝑩 in electromagnetism.
16

Not to be confused with momentum (mass time velocity) of a moving particle.
Angular momentum measures the ”amount” of rotational motion in the same way as
momentum measures the ”amount” of translational motion.
18
Force on a charged particle moving at velocity 𝒗 in the magnetic field of strength 𝑩.
17
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DEFINITION OF THE CROSS PRODUCT AND ITS BASIC PROPERTIES
Let 𝒂 and 𝒃 and be two vectors in ℝM which make an angle 𝜃 with each other. The cross product
𝒂×𝒃 is defined as a vector whose norm (absolute value or magnitude) is 𝒂×𝒃 = 𝒂 ∙ 𝒃 ∙ sin 𝜃,
which, by the way, is the area of the parallelogram with sides 𝒂 and 𝒃. The direction of 𝒂×𝒃 is
defined to be perpendicular to the plane of 𝒂 and 𝒃 such that the three vectors 𝒂, 𝒃 and 𝒂×𝒃
form a right-hand system19.
The cross product is also called vector product to emphasize the fact that the result 𝒂×𝒃 is a
vector (and not a scalar as in case of the dot product 𝒂 ∙ 𝒃).
ALGEBRAIC PROPERTIES OF CROSS PRODUCT
It is fairly easy to see that the cross product satisfies the following rules:
𝒂×𝒃 = −𝒃×𝒂

(anticommutativity)

𝒂× 𝒃 + 𝒄 = 𝒂×𝒃 + 𝒂×𝒄

(distributivity)

𝑡𝒂 ×𝒃 = 𝒂× 𝑡𝒂 = 𝑡(𝒂×𝒃)

(free mobility of a scalar factor)

COORDINATE FORM OF THE CROSS PRODUCT
Let 𝒆G , 𝒆H , 𝒆M be an orthonormal20 basis for ℝM . By the above definition we can determine the
cross products of these basis vectors.
𝒆G × 𝒆G = 𝒆H × 𝒆H = 𝒆M × 𝒆M = 𝟎

19

𝒆G × 𝒆H = 𝒆M ,

𝒆H × 𝒆G = −𝒆M

𝒆H × 𝒆M = 𝒆G ,

𝒆M × 𝒆H = −𝒆G

𝒆M × 𝒆G = 𝒆H ,

𝒆G × 𝒆M = −𝒆H

Three vectors 𝒂, 𝒃 and 𝒄 form a right-hand system if you can align the three right hand fingers
(forefinger 𝒂, middle finger 𝒃 and thumb 𝒄) pointing in their directions. The left-hand system is
defined analogously. It is a theorem of space geometry that every triple of vectors in ℝM is either
right-hand system or a left-hand system and never both. Also if you turn one of the triple’s vectors
to opposite direction (e.g. change 𝒃 to – 𝒃) then the handedness of the triple changes from right
to left or vice versa.
20
Remember that orthonormal means perpendicular (orthogonal) and of unit norm.
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Assume now that arbitrary vectors 𝒂 and 𝒃 are given in the coordinate form in terms of
orthonormal basis vectors 𝒆G , 𝒆H , 𝒆M as follows
𝒂 = 𝑎G 𝒆G + 𝑎H 𝒆H + 𝑎M 𝒆M ,
𝒃 = 𝑏G 𝒆G + 𝑏H 𝒆H + 𝑏M 𝒆M .
We can now use the above observations to compute the cross product of 𝒂 and 𝒃 through
termwise multiplication. A routine calculation gives:
𝒂×𝒃 = 𝑎H 𝑏M − 𝑎M 𝑏H 𝒆G + 𝑎M 𝑏G − 𝑎G 𝑏M 𝒆H + 𝑎G 𝑏H − 𝑎H 𝑏G 𝒆M
You can easily check this result by calculating the dot products 𝒂 ∙ (𝒂×𝒃) and 𝒃 ∙ (𝒂×𝒃). Both will
turn out to be zero which proves that our calculated 𝒂×𝒃 is perpendicular against 𝒂 and 𝒃 as it
should be! Checking the correctness of the norm (length) is a bit more tedious calculation (you
have to evaluate sine of the angle between the vectors) but still feasible.
Exercise: Calculate the cross product of the vectors 𝒂 = 𝒆G + 2𝒆H − 2𝒆M and 𝒃 = 2𝒆G − 2𝒆H − 𝒆M .
Verify your result by calculating the lengths of relevant vectors and stretching the fingers of your
right hand.

WHY NOT STOP HERE?
Once again we have drawn from physical intuition and defined a new and interesting (and very
useful) way of multiplying vectors: the cross product. From two vectors it produces a vector and
this is an improvement compared to dot product which produces a scalar. The cross product also
works fine in the three-dimensional space ℝM - an improvement compared to complex product
which works only in ℝH .
However, the cross product has also its drawbacks. A minor one is that commutativity fails
although anticommutativity compensates it in a natural way. Changing the order of factors does
not cause any hazardous changes in the product. A more serious problem about the cross product
is that it actually works only in ℝM . You can cross-multiply vectors in ℝH but the results stick out to
higher dimension ℝM . But cross-multiplying vectors in dimensions higher than three (that is,
ℝY , ℝv , ℝ€ , ….) cause even harder problems because in ℝY , for example, the direction of 𝒆G ×𝒆H
cannot be uniquely defined. In ℝY there are several non-parallel vectors (𝒆M and 𝒆Y among others)
which are perpendicular to both 𝒆G and 𝒆H . So the search goes on!
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7. QUATERNION PRODUCT 𝒂 ⋄ 𝒃 IN ℝ𝟒
William Rowan Hamilton (1805-1865) was very impressed about the elegance and efficiency of
complex numbers (that is, vectors in ℝ𝟐 equipped with the operations of addition and complex
product). He dreamed of the possibility of generalizing the complex algebra of ℝ𝟐 to higher
dimensions, particularly to ℝ𝟑 and worked a long time to find an appropriate definition of
”complex product” for three-dimensional vectors. He failed again and again until it suddenly
occurred to him21 to move on to ℝ𝟒 where the pieces of his maze miraculously came together. He
had invented the quaternion product.
In the complex plane ℂ (which is essentially the two-dimensional vector space ℝH equipped with
addition and complex multiplication) we have two axes: the real axis representing the real
numbers 𝑥 and the imaginary axis representing imaginary numbers 𝑦𝑖, where the imaginary unit 𝑖
is defined as a number satisfying the condition 𝑖 H = −1. All points (𝑥, 𝑦) of the plane, taken
together, represent complex numbers 𝑥 + 𝑦𝑖. Hamilton tried to extend this to ℝM by introducing a
third axis (𝑧) as a second imaginary axis representing numbers 𝑧𝑗 (again with 𝑗 H = −1 but 𝑗 ≠ 𝑖).
In this setting the point (𝑥, 𝑦, 𝑧) of ℝM would be represented by a number 𝑥 + 𝑦𝑖 + 𝑧𝑗. It turned
out, however, that it was impossible to define the multiplication of such ”hypercomplex” numbers
in a reasonable way.
In his Broom bridge heureka-moment Hamilton realized that all problems would sort out neatly by
adding the fourth axis on which the third imaginary unit 𝑘 would be living. In effect this means
stepping from ℝM to ℝY . In a closer inspection it turned out convenient to name the three
imaginary axes as the usual space coordinate axes 𝑥, 𝑦 and 𝑧 and keep the real axis 𝑡 separate22.
21

The legend has it that the revelation came in 1843 when Hamilton was walking over the Broom
bridge in Dublin. He was so excited about it that he carved some crucial equations in the bridge
stones. The carvings are said to be still visible there. Later it has been found that a French
mathematician (and banker) Olinde Rodrigues (1795–1851) had made essentially the same
invention in 1840 but his work remained unknown for several decades.
22
Symbol 𝑡 for the real axis may be seen as a hint that this axis might physically represent time
while three other axes represent spatial position. In some applications (relativity theory) this
indeed is a case. Generally the 𝑡-axis is simply a scalar axis which represents real numbers.
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Imitating the complex number notation we now have ”numbers” of the form 𝑡 + 𝑥𝑖 + 𝑦𝑗 + 𝑧𝑘.
Geometrically these numbers (which Hamilton named quaternions23) are represented by points
(𝑡, 𝑥, 𝑦, 𝑧) in ℝY or equivalently by vectors 𝑡𝒆• + 𝑥𝒆G + 𝑦𝒆H + 𝑧𝒆M where 𝒆• , 𝒆G , 𝒆H and 𝒆M are
orthonormal basis vectors for ℝY .
DEFINITION OF QUATERNIONS AND THE QUATERNION PRODUCT
In the Hamiltonian approach quaternions are 4-dimensional mathematical objects – sort of
extended complex numbers – of the form 𝑞 = 𝑡 + 𝑥𝑖 + 𝑦𝑗 + 𝑧𝑘, where the first term 𝑡 is called
the scalar (or real) part of 𝑞 and the sum 𝑥𝑖 + 𝑦𝑗 + 𝑧𝑘 is the imaginary part (also called the vector
part) of 𝑞. Quaternions can be added and multiplied by scalars as usual. Any two quaternions can
also be multiplied in the usual way (obeying the rules of associativity, distributivity and free
mobility of scalar factors) to produce a result called quaternion product. In the multiplication
process you have to observe the following special rule regarding the imaginary units 𝑖, 𝑗 and 𝑘:
𝑖 H = 𝑗 H = 𝑘 H = 𝑖𝑗𝑘 = −1.
In these identities we have followed (as we did earlier for complex numbers) the convention of
writing the quaternion products without any multiplication symbol like. So instead of 𝑖 ⋄ 𝑖 we write
simply 𝑖𝑖 = 𝑖 H etc.
The set of all quaternions 𝑞 = 𝑡 + 𝑥𝑖 + 𝑦𝑗 + 𝑧𝑘 is sometimes denoted by the symbol ℍ (in honour
of Hamilton).
PRODUCTS OF IMAGINARY UNITS
1a

𝑖𝑗 = 𝑘 ,

1b

𝑗𝑖 = −𝑘

2a

𝑗𝑘 = 𝑖 ,

2b

𝑘𝑗 = −𝑖

3a

𝑘𝑖 = 𝑗 ,

3b

𝑖𝑘 = −𝑗

Proof: By definition we have the identity 𝑖𝑗𝑘 = −1. Multiplying both sides from the right24 by 𝑘 we
get 𝑖𝑗𝑘𝑘 = −𝑘. But by definition again 𝑘𝑘 = 𝑘 H = −1 and hence 𝑖𝑗(−1) = −𝑘. Finally multiplying

23

By calling them quaternions (from Latin quattuor = four) Hamilton probably referred to the fact
that they have four components.
24
In the definition of the quaternion product we did not assume commutativity. Therefore we
have to be careful with the order of multiplication.
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both sides by (−1) and using the free mobility rule for scalar factors we get 𝑖𝑗 = 𝑘. This shows
that the identity (1a) follows from the definition of the quaternion product. Now multiplying this
identity from the left by 𝑖 gives 𝑖𝑖𝑗 = 𝑖𝑘 or −𝑗 = 𝑖𝑘 which is the identity (3b). Again multiplying
this identity from the right by 𝑘 gives −𝑗𝑘 = 𝑖𝑘𝑘 or −𝑗𝑘 = −𝑖 or 𝑗𝑘 = 𝑖 which is (2a). Then
multiplying (1a) from the right by 𝑗 gives 𝑖𝑗𝑗 = 𝑘𝑗 or −𝑖 = 𝑘𝑗 which is (2b). Multiplying (2b) from
the right by 𝑗 gives −𝑖𝑗 = 𝑘𝑗𝑗 or −𝑖𝑗 = −𝑘 or 𝑖𝑗 = 𝑘 which is (1b). Finally multiplying (2b) from
the right by 𝑘 gives −𝑘𝑖 = 𝑘𝑘𝑗 or −𝑘𝑖 = −𝑗 or 𝑘𝑖 = 𝑗 which is (3a). So we have shown that all six
identities follow from the definition of quaternion product. QED.
QUATERNION PRODUCT IS NEITHER COMMUTATIVE NOR ANTICOMMUTATIVE
From the products of imaginary units we see that the quaternion product is certainly not
commutative. The results, in fact, suggest that it might be anticommutative like the cross product.
But even that is only true for some special quaternions (like the imaginary units) but not generally.
Take for example the quaternions 𝑞G = 1 + 𝑖 and 𝑞H = 1 + 𝑗. Then we have
𝑞G 𝑞H = 1 + 𝑖 1 + 𝑗 = 1 + 𝑖 + 𝑗 + 𝑖𝑗 = 1 + 𝑖 + 𝑗 + 𝑘 ,
but
𝑞H 𝑞G = 1 + 𝑗 1 + 𝑖 = 1 + 𝑖 + 𝑗 + 𝑗𝑖 = 1 + 𝑖 + 𝑗 − 𝑘 .
We see that 𝑞G 𝑞H ≠ 𝑞H 𝑞G and 𝑞G 𝑞H ≠ −𝑞H 𝑞G . Hence both commutativity and anticommutativity
fail generally for the quaternion product. Therefore we have to be very careful with the order of
factors when doing quaternion products. In spite of this obvious drawback quaternions have
turned out very useful tools in physics and computer graphics.
NOTE: Notice that that the subset of quaternions 𝑡 + 𝑥𝑖 in which 𝑦 = 𝑧 = 0 (that is, 𝑗 and 𝑘 do
not appear) is an exact copy of the set ℂ of complex numbers. If we operate only with quaternions
in this subset then, of course, multiplication is commutative. The same is true for symmetric
subsets where 𝑥 = 𝑧 = 0 (𝑖 and 𝑘 do not appear) or 𝑥 = 𝑦 = 0 (𝑖 and 𝑗 do not appear) which both
are equivalent with ℂ.
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QUATERNION PRODUCT VS. DOT AND CROSS PRODUCTS
Let us consider pure vector quaternions25
𝒂 = 𝑎G 𝑖 + 𝑎H 𝑗 + 𝑎M 𝑘 ,
𝒃 = 𝑏G 𝑖 + 𝑏H 𝑗 + 𝑏M 𝑘 ,
and calculate their quaternion product 𝒂 ⋄ 𝒃 observing the known products of 𝑖, 𝑗 and 𝑘. We have
𝒂 ⋄ 𝒃 = (𝑎G 𝑖 + 𝑎H 𝑗 + 𝑎M 𝑘)(𝑏G 𝑖 + 𝑏H 𝑗 + 𝑏M 𝑘)
= . . . multiply termwise and regroup (exercise) . . .
= −(𝑎G 𝑏G + 𝑎H 𝑏H + 𝑎M 𝑏M ) + [ 𝑎H 𝑏M − 𝑎M 𝑏H 𝑖 + 𝑎M 𝑏G − 𝑎G 𝑏M 𝑗 + 𝑎G 𝑏H − 𝑎H 𝑏G 𝑘] .
First of all we notice that the result is not a pure vector quaternion because it contains a scalar
part −(𝑎G 𝑏G + 𝑎H 𝑏H + 𝑎M 𝑏M ) that we recognize as – (𝒂 ∙ 𝒃) (negative of the dot product of 𝒂 and
𝒃). The vector part [in square brackets] is recognized as the cross product 𝒂×𝒃. Hence we have
𝒂 ⋄ 𝒃 = 𝒂×𝒃 − 𝒂 ∙ 𝒃 ,
that is, the quaternion product of pure vector quaternions is equal to cross product minus dot
product. We also see that even for pure vector quaternions the quaternion product 𝒂 ⋄ 𝒃 is
neither commutative nor anticommutative although its first part 𝒂×𝒃 is anticommutative and the
second part −𝒂 ∙ 𝒃 is commutative. In special cases, however, it can be one or the other. For
parallel vectors (𝒂×𝒃 = 𝟎) we have 𝒂 ⋄ 𝒃 = 𝒃 ⋄ 𝒂 (commutativity) and for orthogonal vectors (𝒂 ∙
𝒃 = 0) we have 𝒂 ⋄ 𝒃 = −𝒃 ⋄ 𝒂 (anticommutativity).

25

Pure vector quaternions have no scalar part (i.e. scalar part is zero). They can be considered as
space vectors in ℝM if we take the imaginary units 𝑖, 𝑗, 𝑘 as basis vectors. (In fact, the basis vectors
of ℝM are often denoted by 𝑖, 𝑗, 𝑘 instead of our 𝒆G , 𝒆H , 𝒆M .) The identification of pure vector
quaternions with vectors is here emphasized by using symbols 𝒂 and 𝒃 for them.
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Example. Use quaternions to find (a) dot and cross products of the vectors 𝒂 = 2𝒆G + 𝒆H − 𝒆M and
𝒃 = 5𝒆G − 3𝒆H + 6𝒆M . Use the results to find (b) the angle between the vectors and (c) the area of
the parallelogram defined by the vectors.
Solution: (a) First write the vectors as pure quaternions 𝒂 = 2𝑖 + 𝑗 − 𝑘 and 𝒃 = 5𝑖 − 3𝑗 + 7𝑘.
Then multiply them term by term to get
𝒂 ⋄ 𝒃 = − 2 ∙ 5 + 1 ∙ −3 + −1 ∙ 6 + [ 1 ∙ 6 − −1 ∙ −3 𝑖 +

−1 ∙ 5 − 2 ∙ 6 𝑗

+ 2 ∙ −3 − 1 ∙ 5 𝑘]
= −1 + [3𝑖 − 19𝑗 − 11𝑘] .
Hence 𝒂 ∙ 𝒃 = −1 and 𝒂×𝒃 = 3𝑖 − 19𝑗 − 11𝑘.
(b) We have 𝒂 =

2H + 1H + −1

H

= 6 and 𝒃 =

5H + −3

required angle 𝜃 we have cos 𝜃 = ( 𝒂 ∙ 𝒃) ( 𝒂 ∙ 𝒃 ) = −1

H

+ 7H = 83. For the

498 from which the calculator

gives 𝜃 ≈ 92.6°.
(c) We have 𝒂×𝒃 =

3H + −19

H

+ −11

H

= 491 ≈ 22.2 which is the requested area.

∎
QUATERNIONS AS A MAGIC BOX
We have seen that hidden in the box of quaternions one can find all previously considered
versions of vector multiplication, at least up to dimension three. We just found that scalar (dot)
and vector (cross) products are just scalar and vector parts of the quaternion product. Also the
complex (rotational) product is a special case of quaternion product since complex numbers are
quaternions in which 𝑗 and 𝑘 do not appear.
The power of quaternions is not limited to combining the products defined earlier. There are also
new things we can do with quaternions: one such thing is rotation in space which we will consider
below. First we will generalize the Euler equation (formulated above for complex numbers) to
quaternions.
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EULER EQUATION FOR QUATERNIONS
Recall the Euler equation 𝑒 oƒ = cos 𝜃 + 𝑖 sin 𝜃 where 𝑖 is the complex imaginary unit and 𝜃 is a
real number (see p. 17). This equation is equally true for quaternions because complex numbers
and the imaginary unit 𝑖 are also quaternions for which the quaternion product is the same as the
complex product. It is also true for the two other imaginary units 𝑗 and 𝑘 which behave exactly as 𝑖
does, that is, 𝑖 H = 𝑗 H = 𝑘 H = −1 which was all that was needed to prove the Euler equation.
Hence 𝑒 pƒ = cos 𝜃 + 𝑗 sin 𝜃 and 𝑒 ’ƒ = cos 𝜃 + 𝑘 sin 𝜃.
But is that all? Can we find more quaternions 𝑢 with the property 𝑢H = −1? They all would
automatically satisfy Euler equation.
So consider a general pure vector quaternion 𝑢 = 𝑢G 𝑖 + 𝑢H 𝑗 + 𝑢M 𝑘 where the coefficients 𝑢J are
real numbers. As noted above, we can identify 𝑢 as a vector in ℝM (even though we don’t use
boldface symbol because we consider 𝑢 as a ”number”) and as proved above we can express the
quaternion product 𝑢H = 𝑢𝑢 in terms of cross and dot products as follows
𝑢H = 𝑢𝑢 = 𝑢×𝑢 − 𝑢 ∙ 𝑢

[but 𝑢×𝑢 = 0]

= −𝑢 ∙ 𝑢
= − 𝑢 H.
We conclude that the condition 𝑢H = −1 holds true for all unit vectors in ℝM when these vectors
are treated as quaternions. Geometrically these unit vectors support the origin-centred unit
sphere in ℝM . The imaginary units 𝑖, 𝑗 and 𝑘 are just three examples of those (infinitely many) unit
vectors. We have obtained the following result:

Generalized Euler equation for quaternions
For any unit vector 𝑢 in ℝM and a real number 𝜃 we have 𝑒 ”ƒ = cos 𝜃 + 𝑢 sin 𝜃 where 𝑢 is
understood26 as a pure vector quaternion. That is, all multiplications contained in the equation are
quaternion products.
In the next section we’ll use this result to handle spatial rotations algebraically and thus make
them apt for computers which are very efficient algebraic calculators (unlike we humans).
26

This means that all algebraic operations (especially multiplication) in the equation are
interpreted as operations for quaternions.
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ROTATION IN THE 3-DIMENSIONAL SPACE
Rotation in the 2D-plane is specified by an axis point (the origin) and the rotation angle 𝜃. We
found above (see Figure 10) that the complex expression 𝑒 oƒ 𝑧 gives the result of rotating the point
(or vector) 𝑧 by an angle 𝜃 about the origin. To define a rotation in the 3D-space the axis point
must be replaced by an axis line which is usually specified by an axis vector. That is, we rotate a
given point (vector) 𝑞 by a given angle 𝜃 around the axis line given by a 3-D vector 𝑢. With help of
the quaternion algebra we can express the rotated point (vector) 𝑞′ in terms of 𝑞, 𝑢 and 𝜃.
To simplify the expression we assume that the axis vector 𝑢 is a unit vector. We have

Quaternionic ”sandwich” rotation formula in 3D-space
If a point (vector) 𝑞 is rotated by an angle 𝜃 around an axis line determined by the unit vector 𝑢
(pure vector quaternion) then the rotated point (vector) 𝑞′ is given by the quaternionic formula
𝑞– = 𝑒 ”(ƒ

H)

∙ 𝑞 ∙ 𝑒”

—ƒ H

,

where all products are quaternionic (including those marked here by dots for the sake of clarity).
The nickname ”sandwich” refers to the visual structure of the formula where the original point
(vector) 𝑞 is ”sandwiched” between the two exponential factors.

We will come back to the proof of this formula later. At this stage we only test the validity of the
formula in a simple case where the result can be verified by visual intuition.
Example. Rotate the point 𝑞 = 𝑎, 0,0 , that is the vector 𝑞 = 𝑎𝑖, by the angle 𝜃 = 2𝜋 3 (120°)
around the axis determined by the vector 𝑖 + 𝑗 + 𝑘. Find the rotated point 𝑞′.

Solution: In the formula the axis vector 𝑢 must be a unit vector. Because 𝑖 + 𝑗 + 𝑘 = 3 we
have to put 𝑢 =

G
M

(𝑖 + 𝑗 + 𝑘). We also have 𝜃 2 = 𝜋 3. Hence by the generalized Euler equation

we have

𝑒 ”(ƒ

H)

= cos 𝜋 3 + 𝑢 sin 𝜋 3 =

1
3 1
+𝑢
= 1+𝑖+𝑗+𝑘 ,
2
2
2

36

𝑒 ”(—ƒ

H)

= cos − 𝜋 3 + 𝑢 sin − 𝜋 3 =

1
3 1
−𝑢
= 1−𝑖−𝑗−𝑘 .
2
2
2

Substituting to the formula gives for 𝑞–
𝑞– = 𝑒 ”(ƒ

H)

∙ 𝑞 ∙ 𝑒”

—ƒ H

=

1
1
1 + 𝑖 + 𝑗 + 𝑘 ∙ 𝑎𝑖 ∙ 1 − 𝑖 − 𝑗 − 𝑘 .
2
2

Doing the quaternion multiplications carefully step by step from left to right gives then
1
𝑎𝑖 − 𝑎 − 𝑎𝑘 + 𝑎𝑗 ∙ 1 − 𝑖 − 𝑗 − 𝑘
4
1
= 𝑎 −1 + 𝑖 + 𝑗 − 𝑘 ∙ 1 − 𝑖 − 𝑗 − 𝑘
4
1
= 𝑎 −1 + 𝑖 + 𝑗 + 𝑘 + 𝑖 + 1 − 𝑘 + 𝑗 + 𝑗 + 𝑘 + 1 − 𝑖 − 𝑘 + 𝑗 − 𝑖 − 1
4
1
= 𝑎 4𝑗
4

𝑞′ =

= 𝑎𝑗
So according to the formula the point 𝑞 = 𝑎𝑖 = (𝑎, 0, 0) on the 𝑥-axis has been rotated to the
point 𝑞– = 𝑎𝑗 = (0, 𝑎, 0) on the 𝑦-axis. [For example, 𝑞 = (5,0,0) goes to 𝑞– = (0,5,0).]
Geometric intuition tells that this is correct since rotation by 120° (one third of the full round)
around the axis 𝑢 which symmetric with respect to the coordinate axes turns 𝑥-axis to the place of
𝑦-axis, 𝑦-axis to the place of 𝑧-axis and finally 𝑧-axis to the place of 𝑥-axis.
This example gives some confidence to the validity of the formula although it is not a proof.

Figure 12. Rotation by 120° about the axis vector 𝑢 = 𝑖 + 𝑗 + 𝑘 takes the point 𝑞 = 𝑎𝑖 = (𝑎, 0, 0)
on the 𝑥-axis to the point 𝑞′ = 𝑎𝑗 = (0, 𝑎, 0) as established by the quaternion rotation formula.
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NOTE: The quaternionic rotation formula for 3D-space was found already by Hamilton in ca. 1845.
The required tedious (though routine) calculations rendered the use of this formula quite
impractical for more than a century until the advent of computers which can do the algebra in
almost no time. Now this formula has become an essential tool in computer graphics, aeronautics
and space navigation.

WHY NOT STOP HERE?
Quaternion product seems an ideal generalization of the previous products (scalar, complex,
vector) which are all included as parts of the quaternion product. It also obeys the important laws
of associativity and distributivity although commutativity and anticommutativity both fail except in
special cases. However, the most serious limitation of the quaternion product is that it works only
in the 4D-world ℝY (or ℝ×ℝM if you prefer to consider quaternion product as an operation with
the combinations scalars and 3D-vectors). Therefore we continue digging deeper!
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8. OUTER PRODUCT OR WEDGE PRODUCT 𝒂 ∧ 𝒃
In chapter 6 we studied the vector (cross) product 𝒂×𝒃 which, by definition, is a vector
perpendicular to 𝒂 and 𝒃 (in the right-hand sense) and its absolute value is equal to the area of
the parallelogram enclosed by the vectors 𝒂 and 𝒃.

Figure 13. The absolute value (norm, length) of the vector 𝒂×𝒃 is equal to the area of the
parallelogram enclosed by the vectors 𝒂 and 𝒃. By trigonometry we have 𝒂×𝒃 = 𝒂 𝒃 sin 𝜃.
The vector 𝒂×𝒃 itself is perpendicular to 𝒂 and 𝒃 and forms a right-hand system with them.
In the end of chapter 6 we noticed one disadvantage in the notion of the cross product: its
direction (perpendicular to its factors) is only well-defined in ℝM . Our next candidate for the vector
multiplication – the outer product – avoids this problem while preserves its absolute value. It was
Grassmann’s idea (ca. 1845) to allow new ”inhabitants” to the kingdom of vectors. One new tribe
is generated by the outer products 𝒂 ∧ 𝒃. The result of an outer product is not a vector but a
bivector, an ordered (or oriented) pair of vectors. A logical continuation of this liberal
”immigration policy” is then to admit also trivectors (3-vectors), 4-vectors and in general 𝑛-vectors
to our domain of discourse. Besides them it turns out useful to grant ”full citizenship” to scalars
which so far have played a side role. All this will finally expand our familiar vector spaces ℝJ into
”multiethnic” spaces of multivectors 𝔾J . But let us now start this process by the introduction of
bivectors as outer products of traditional vectors.
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Definition of the outer product 𝒂 ∧ 𝒃

Figure 14. The outer product (or wedge27 product) of the vectors 𝒂 and 𝒃 is the bivector 𝒂 ∧ 𝒃. Its
absolute value (norm) is equal to the area of the parallelogram enclosed by the vectors 𝒂 and 𝒃.
We have 𝒂 ∧ 𝒃 = 𝒂 𝒃 sin 𝜃 . The bivectors 𝒂 ∧ 𝒃 and 𝒃 ∧ 𝒂 have the same absolute value but
opposite orientations. The bivector 𝒂 ∧ 𝒃 has a positive (anticlockwise) orientation 𝒂, 𝒃, −𝒂, −𝒃.
The bivectors 𝒃 ∧ 𝒂 has a negative (clockwise) orientation 𝒃, 𝒂, −𝒃, −𝒂. Hence 𝒂 ∧ 𝒃 = −𝒃 ∧ 𝒂.
The outer product behaves algebraically exactly like the cross product. The crucial difference is
geometric. The cross product 𝒂×𝒃 is a vector, a one-dimensional linear object. The outer product
𝒂 ∧ 𝒃 is a bivector, a two-dimensional planar object.
You see that the outer product 𝒂 ∧ 𝒃 and the vector product 𝒂×𝒃 are very close relatives. The
great advantage of the former is that it generalizes easily to higher dimensional spaces ℝJ . This is
so because 𝒂 ∧ 𝒃 is an object in a plane which is well-defined in all dimensions while 𝒂×𝒃 is an
object (vector) perpendicular to that plane and in higher dimensions (𝑛 ≥ 4) the perpendicular
direction is not uniquely defined as it is in ℝM .
Properties of the outer product
(1) If 𝒂 and 𝒃 are parallel, then 𝒂 ∧ 𝒃 = 0. In particular 𝒂 ∧ 𝒂 = 0.
(2) If 𝒂 and 𝒃 are perpendicular, then 𝒂 ∧ 𝒃 = 𝒂 𝒃 .
(3) 𝒂 ∧ 𝒃 = −𝒃 ∧ 𝒂

[anticommutativity]

(4) 𝑡 𝒂 ∧ 𝒃 = 𝑡𝒂 ∧ 𝒃 = 𝒂 ∧ (𝑡𝒃)

[free mobility of scalar factor]

(5) 𝒂 ∧ 𝒃 + 𝒄 = 𝒂 ∧ 𝒃 + 𝒂 ∧ 𝒄

[distributivity over addition]

The above properties (1) – (5) can be verified using the parallelogram visualization. In (1) we write
simply that 𝒂 ∧ 𝒃 = 0. When operating with multivectors it turns out useful to identify different

27

The word ”wedge” is derived from the symbol ∧.
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kinds of zeros (scalar zero, vector zero, bivector zero, …) as one and single zero (denoted by 0) of
the multivector space.
Note that in the above definition of the outer product we are using parallelogram as a geometric
illustration of the product 𝒂 ∧ 𝒃. This should not be taken too literally. The outer product does not
have any specific ”shape”. Essentially the outer product 𝒂 ∧ 𝒃 represents geometrically an
oriented plane defined by vectors 𝒂 and 𝒃 and with an attached absolute value (norm)
𝒂 𝒃 sin 𝜃. Changing the order of vectors reverses the orientation (from plus to minus or vice
versa) of the plane. If you choose to call 𝒂 ∧ 𝒃 positive order then 𝒃 ∧ 𝒂 is negative. There is no
”natural” or ”absolute” rule for the sign. It is a matter of agreement but you have to follow the
logical consequences of your initial agreement. Things are positive or negative in relation to each
other.
That said, we should not forget that more concrete visualizations for 𝒂 ∧ 𝒃 (like an oriented
parallelogram or oriented circle) are often very helpful.

OUTER PRODUCT OF MULTIPLE VECTORS
The parallelogram visualization provides a natural way to generalize the outer product for three or
more vectors. The product 𝒂 ∧ 𝒃 ∧ 𝒄 is defined as an oriented parallelpiped (often called just 3Dparallelogram, see Figure 15 below). The norm 𝒂 ∧ 𝒃 ∧ 𝒄 is equal to the volume of this solid. Its
orientation (+ or –) is defined by comparing the order of vectors with some chosen order labelled
as positive. So if we choose 𝒂 ∧ 𝒃 ∧ 𝒄 as a basic positive order then 𝒃 ∧ 𝒂 ∧ 𝒄, 𝒂 ∧ 𝒄 ∧ 𝒃 and 𝒄 ∧
𝒃 ∧ 𝒂 have negative orientation. Hence, for example, 𝒃 ∧ 𝒂 ∧ 𝒄 = −𝒂 ∧ 𝒃 ∧ 𝒄. On the other hand
𝒂 ∧ 𝒃 ∧ 𝒄 as well as 𝒃 ∧ 𝒄 ∧ 𝒂 and 𝒄 ∧ 𝒂 ∧ 𝒃 are all equal having a positive orientation. The rule is
that swapping two adjacent vectors changes the sign of the product. (Hence in case of three
vectors we have 6 = 3 ∙ 2 ∙ 1 permutations of which three are positive and three negative. In case
of four vectors there are 24 permutations, 12 positive and 12 negative. The same logic works for
any number of vectors.)
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Figure 15. The left solid (3D-parallelogram or parallelpiped) illustrates the outer product 𝒂 ∧ 𝒃 ∧ 𝒄
which is called a trivector28. Its norm 𝒂 ∧ 𝒃 ∧ 𝒄 is equal to the volume of the solid. It is always
possible to deform the 3D-parallelogram into a right-angled box (on the right) by keeping the side
𝒂 and the distances between opposite faces fixed. In this process29 the side vectors 𝒃 and 𝒄 will
shorten to vectors 𝒃′ and 𝒄′ (which make right angles with 𝒂) but the volume of the solid remains
constant. Then 𝒂 ∧ 𝒃′ ∧ 𝒄′ = 𝒂 ∧ 𝒃 ∧ 𝒄 because they have the same orientation and norm
(volume). So we have 𝒂 ∧ 𝒃 ∧ 𝒄 = 𝒂 ∧ 𝒃′ ∧ 𝒄′ = 𝒂 𝒃′ 𝒄′ since the volume of a box is
obtained by multiplying the lenghts of the perpendicular sides.
NOTE: Notice that if any two vectors in the product 𝒂 ∧ 𝒃 ∧ 𝒄 are parallel then all three vectors
are in the same plane and the parallelpiped becomes a flat plane figure with zero volume. (So, for
example, 𝒂 ∧ 𝒃 ∧ 𝒂 = 0 and we write 𝒂 ∧ 𝒃 ∧ 𝒂 = 𝟎.) The same is true if one of the vectors is a
linear combination of two others (say 𝒄 = 2𝒂 − 7𝒃). Again the parallelpiped flattens onto the
plane of the vectors 𝒂 and 𝒃 which makes the product 𝒂 ∧ 𝒃 ∧ 𝒄 vanish.
ASSOCIATIVITY OF THE OUTER PRODUCT
The above considerations show that we can work with outer products of arbitrarily many vectors.
It also opens the possibility to talk about outer products of, say, a vector 𝒂 and a bivector 𝒃 ∧ 𝒄.
The obvious way to define the products 𝒂 ∧ (𝒃 ∧ 𝒄) and (𝒂 ∧ 𝒃 ∧ 𝒄 is, of course, to set
(6) 𝒂 ∧ 𝒃 ∧ 𝒄 = 𝒂 ∧ 𝒃 ∧ 𝒄 = (𝒂 ∧ 𝒃) ∧ 𝒄 ,
which also shows that outer product satisfies the rule of associativity and we add it as the sixth
property of outer product. You are free to carry out the outer product step by step multiplying
subgroups as you find convenient. You are also free to change the order of factors by swapping

28

Remember that 𝒂 ∧ 𝒃 was called a bivector (or 2-vector) Analogously 𝒂 ∧ 𝒃 ∧ 𝒄 is called trivector
(or 3-vector). In general the outer products of 𝑛 vectors are called 𝑛-vectors.
29
There is a standard algebraic procedure called Gram-Schmidt orthogonalization to construct this
equivalent right-angled box from a given parallelpiped. The G-S-procedure works in all dimensions.
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adjacent vectors but remember to change the sign. Every swap changes the orientation. If you
start with a positive order then an even number of swaps leads to a positive and an odd number
leads to a negative order.
We will now take a closer look at the new perspectives that the outer product opens for vector
algebra in different dimensions. We will meet a number of new animals that invade our so far
vector-dominated world from the loophole opened by the outer product.
OUTER PRODUCTS IN ℝH AND IN 𝔾H
Let us first consider 2D-vectors in ℝH . Assume 𝒆G and 𝒆H are the usual orthonormal basis vectors
for ℝH . By the definition of outer product we have:
𝒆G ∧ 𝒆G = 𝒆H ∧ 𝒆H = 0,

[parallel vectors produce zero]

𝒆G ∧ 𝒆H = −𝒆H ∧ 𝒆G .

[by anticommutativity of ∧]

Notice in the latter case that 𝒆G ∧ 𝒆H and 𝒆H ∧ 𝒆G are bivectors and cannot be simplified any
further. We only now that they are opposite to each other. We can, of course, calculate their
norms: 𝒆G ∧ 𝒆H = 𝒆H ∧ 𝒆G = 𝒆G 𝒆H sin 90° = 1.
If now 𝒂 and 𝒃 are arbitrary vectors in ℝH then 𝒂 = 𝑎G 𝒆G + 𝑎H 𝒆H and 𝒃 = 𝑏G 𝒆G + 𝑏H 𝒆H , where
𝑎’ , 𝑏’ are appropriate scalar coefficients (the coordinates of 𝒂 and 𝒃). By the distributive law we
have now
𝒂 ∧ 𝒃 = 𝑎G 𝒆G + 𝑎H 𝒆H ∧ 𝑏G 𝒆G + 𝑏H 𝒆H
= 𝑎G 𝑏G 𝒆G ∧ 𝒆G + 𝑎G 𝑏H 𝒆G ∧ 𝒆H + 𝑎H 𝑏G 𝒆H ∧ 𝒆G + 𝑎H 𝑏H 𝒆H ∧ 𝒆H
= 𝑎G 𝑏H 𝒆G ∧ 𝒆H − 𝑎H 𝑏G 𝒆G ∧ 𝒆H
= 𝑎G 𝑏H − 𝑎H 𝑏G 𝒆G ∧ 𝒆H
= 𝑎G 𝑏H − 𝑎H 𝑏G 𝒆G ∧ 𝒆H .
The norm 𝒂 ∧ 𝒃 = 𝑎G 𝑏H − 𝑎H 𝑏G because 𝒆G ∧ 𝒆H = 1.
You see that if you want to do outer products of vectors in ℝH we have to accept a new citizen,
namely the basic bivector 𝒆G ∧ 𝒆H , to complement the basis vectors 𝒆G and 𝒆H . It has turned out
useful also to incorporate real numbers (scalars) as established citizens of our two-dimensional
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kingdom which we now designate with the symbol 𝔾H . We want our new kingdom 𝔾H be closed
under addition. Hence we have to accept all sums 𝑆 = 𝑡 + 𝒂 + 𝒄 ∧ 𝒅 (scalar + vector + bivector) as
legitimate citizens of 𝔾H . It is a remarkable fact this extension still keeps 𝔾H closed under outer
product. Namely if we out-multiply two such sums 𝑆G = 𝑡G + 𝒂G + 𝒄G ∧ 𝒅G and 𝑆H = 𝑡H + 𝒂H +
𝒄H ∧ 𝒅H we get (assuming that outer product with scalars is just usual scalar multiplication)
𝑆G ∧ 𝑆H = 𝑡G + 𝒂G + 𝒄G ∧ 𝒅G ∧ 𝑡H + 𝒂H + 𝒄H ∧ 𝒅H
= 𝑡G 𝑡H + 𝑡G 𝒂H + 𝑡H 𝒂G + 𝒂G ∧ 𝒂H + 𝒂H ∧ 𝒂G + 𝒂G ∧ 𝒄H ∧ 𝒅H + 𝒄G ∧ 𝒅G ∧ 𝒂H
+ 𝒄G ∧ 𝒅G ∧ 𝒄H ∧ 𝒅H ,
but noticing that by anticommutativity 𝒂G ∧ 𝒂H + 𝒂H ∧ 𝒂G = 𝟎 we have
𝑆G ∧ 𝑆H = 𝑡G 𝑡H + 𝑡G 𝒂H + 𝑡H 𝒂G + 𝒂G ∧ 𝒄H ∧ 𝒅H + 𝒄G ∧ 𝒅G ∧ 𝒂H + 𝒄G ∧ 𝒅G ∧ 𝒄H ∧ 𝒅H
where we deleted the brackets by the associativity of outer product. But here the products of
three factors must be zero because three ℝH -vectors are in the same plane (namely in ℝH ). But so
is the last product of four vectors, too, since – by associativity – we can take the group of the first
three factors 𝒄G ∧ 𝒅G ∧ 𝒄H which must be zero and consequently the whole product is zero. So the
outer product of two arbitrary combinations 𝑆G and 𝑆H finally reduces to
𝑆G ∧ 𝑆H = 𝑡G 𝑡H + 𝑡G 𝒂H + 𝑡H 𝒂G + 𝟎 ∧ 𝒅 (scalar + vector + bivector)
which is of the required form (bivector part is just zero).
So 𝔾H taken as a set of all such sums (scalar + ℝH -vector + ℝH -bivector) constitutes an algebraically
closed domain of objects (called multivectors). Algebraically closed means: closed under the
chosen operations (here the chosen operations are addition, scalar multiplication and outer
product).
The difference between vector algebra and geometric algebra is that the former operates with
objects in ℝH (vectors) while the latter operates with objects in a larger domain 𝔾H (multivectors).
Because ℝH is just a part of 𝔾H (in symbols ℝH ⊂ 𝔾H ) the vector algebra is just a part of more
general geometric algebra.
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BASIS FOR 𝔾H
The set of two elements 𝒆G , 𝒆H makes a basis for ℝH . Every vector 𝒂 ∈ ℝH can be expressed as a
linear combination of the basis vectors, 𝒂 = 𝛼G 𝒆G + 𝛼H 𝒆H , where 𝛼’ are scalar coefficients.
Analogously we have a basis of four elements 1, 𝒆G , 𝒆H , 𝒆G ∧ 𝒆H

for 𝔾H , the multivector

extension of ℝH . This is so because every 𝔾H -multivector 𝐴 = 𝑟 + 𝑉 + 𝐵 can be expressed30 as a
linear combination of these four basis elements, 𝐴 = 𝛼• ∙ 1 + (𝛼G 𝒆G + 𝛼H 𝒆H ) + 𝛼GH 𝒆G ∧ 𝒆H ,
where again 𝛼’ are scalar coefficients. The first part 𝛼• ∙ 1 obviously catches all real numbers 𝑟,
the second part 𝛼G 𝒆G + 𝛼H 𝒆H catches all 2D-vectors 𝑉 and finally 𝛼GH 𝒆G ∧ 𝒆H catches all
bivectors 𝐵 as shown at the beginning of the previous chapter. Hence we may characterize 𝔾H as a
four-dimensional domain because every element of 𝔾H can be identified by four real numbers
𝛼• , 𝛼G , 𝛼H and 𝛼GH .
OUTER PRODUCTS IN ℝM AND IN 𝔾M
Now consider 3D-vectors in ℝM . Again let 𝒆G , 𝒆H , 𝒆M be the usual orthonormal set of basis vectors
for ℝM . As above in case of ℝH we have for indices 𝑛, 𝑚 = 1, 2, 3 the following bivectors:
𝒆J ∧ 𝒆J = 𝟎 ,

[parallel vectors produce zero]

𝒆¡ ∧ 𝒆J = −𝒆J ∧ 𝒆¡ for 𝑚 ≠ 𝑛 .

[by anticommutativity of ∧]

But now there are also non-zero trivectors, namely 𝒆G ∧ 𝒆H ∧ 𝒆M = 𝒆H ∧ 𝒆M ∧ 𝒆G = 𝒆M ∧ 𝒆H ∧ 𝒆G
which have the same orientation as well as 𝒆G ∧ 𝒆M ∧ 𝒆H = 𝒆H ∧ 𝒆G ∧ 𝒆M = 𝒆M ∧ 𝒆G ∧ 𝒆H which
have the opposite orientation so that, for example, 𝒆H ∧ 𝒆G ∧ 𝒆M = −𝒆G ∧ 𝒆H ∧ 𝒆M . All these
trivectors have the same norm which (as explained in Figure 15 above) must be equal to 1 because
the corresponding 3D-parallelogram is the unit cube. Other trivectors like 𝒆G ∧ 𝒆H ∧ 𝒆G where the
same factor is repeated are, of course, zeros (volume = 0). So, essentially, there is only one nonzero trivector in ℝM (or to be more precise, in 𝔾M ). Again, in analogy with 𝔾H , there are no nonzero
products of the form 𝒂 ∧ 𝒃 ∧ 𝒄 ∧ 𝒅 in 𝔾M .

30

In this expression of 𝑀 we denote its scalar part by 𝑟, vector part by 𝑉 and bivector part by 𝐵.
Every 𝔾H -multivector consists of these three parts (some of them can be zeros) so that scalars,
vectors and bivectors are also multivectors in their own right. Multivectors of higher dimensions
can have more parts: trivectors, 4-vectors, etc. Note that while we use boldface italic symbols (like
𝒂) for vectors, we use only italics for multivectors and their parts (like 𝑀, 𝑉, 𝐵).

45
As above in case of ℝH and 𝔾H we can express every bivector 𝒂 ∧ 𝒃 as a combination of the three
basic bivectors of 𝔾M . So 𝒂 ∧ 𝒃 = 𝛼GH 𝒆G ∧ 𝒆H + 𝛼GM 𝒆G ∧ 𝒆M + 𝛼HM 𝒆H ∧ 𝒆M , where 𝛼’s are
appropriate scalar coefficients31. Likewise every trivector 𝒂 ∧ 𝒃 ∧ 𝒄 is a scalar multiple of the (only
one) basic trivector, that is 𝒂 ∧ 𝒃 ∧ 𝒄 = 𝛼GHM 𝒆G ∧ 𝒆H ∧ 𝒆M . These facts follow (as above for 𝔾H ) by
a straightforward calculation of the respective outer products with 𝒂, 𝒃 and 𝒄 replaced by their
representations in the ℝM -basis 𝒆G , 𝒆H , 𝒆M .
Analogously the 𝔾M -multivectors consist of sums: scalar + ℝM -vector + ℝM -bivector+ ℝM -trivector.
The basis for 𝔾M is then the set 1, 𝒆G , 𝒆H , 𝒆M , 𝒆G ∧ 𝒆H , 𝒆G ∧ 𝒆M , 𝒆H ∧ 𝒆M , 𝒆G ∧ 𝒆H ∧ 𝒆M which
contains one scalar (1), three vectors, three bivectors and one trivector, altogether eight
elements. As you see, the scalar element 1 and the trivector element 𝒆G ∧ 𝒆H ∧ 𝒆M are in a
symmetric position which is why the latter is sometimes called a pseudoscalar of 𝔾M . We will see
later that in geometric algebra the pseudoscalar behaves in many ways like a scalar.
OUTER PRODUCTS IN ℝJ AND IN 𝔾J
It is now pretty obvious how things generalize to higher than 3 dimensions. Starting from an
orthonormal basis 𝒆G , 𝒆H , … , 𝒆J for ℝJ we proceed analogously to construct a basis for 𝔾J multivectors. This basis consists of 2J elements: one scalar (1), 𝑛 vectors, 𝑛(𝑛 − 1) 2 bivectors,
𝑛(𝑛 − 1)(𝑛 − 2) 3! trivectors, . . . and finally one pseudoscalar 𝒆G ∧ 𝒆H ∧ … ∧ 𝒆J .
In these notes we will focus on two- and three-dimensional geometric algebras 𝔾H and 𝔾M
although we will occasionally make observations on higher dimensions, too.
CLOSURE OF 𝔾J UNDER THE SCALAR PRODUCT OF VECTORS
It is worth noticing that 𝔾H , the space of 2D-multivectors 𝑀 = 𝛼• + 𝛼G 𝒆G + 𝛼H 𝒆H + 𝛼GH (𝒆G ∧ 𝒆H )
is closed under scalar (dot) product of vectors. If 𝒂 and 𝒃 are 2D-vectors (i.e. multivectors for
which 𝛼• = 𝛼GH = 0) , then their usual scalar product 𝒂 ∙ 𝒃 is a real number which is a member of
𝔾H (as a multivector for which 𝛼G = 𝛼H = 𝛼GH = 0). The same is true generally for 𝔾J which are
therefore closed under the scalar product of vectors. We cannot yet say that 𝔾J , as a whole, is

31

The double or triple indices in the scalar coefficient (𝛼GM 𝑜𝑟 𝛼GHM ) refer to the respective basis
bivector 𝒆G ∧ 𝒆M or 𝒆G ∧ 𝒆H ∧ 𝒆M .
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closed under scalar product because we have not defined what we mean by a scalar product of
multivectors. This question will be tackled when geometric algebra is developed further (in Part 2
of these notes).
WHY NOT STOP HERE?
In this chapter we have introduced still another version of multiplication for vectors, the outer
product 𝒂 ∧ 𝒃. It was intended to do the job of vector (cross) product 𝒂×𝒃 while being free of its
limitations (𝒂×𝒃 only works well in ℝM ). This was achieved but we had to pay a price by allowing
new inhabitants (multivectors) to rush into our well-regulated domain of vectors (ℝJ ) , which was
thereby extended to a much more multicultural domain of multivectors (𝔾J ). So it seems that the
whole picture of vector algebra has turned more chaotic. But as it often happens, something
radically new can come out of chaos. And this indeed happened in a stroke of genius when William
Kingdon Clifford (1845-1879) invented the concept of geometric product to bring order into the
chaos of multivectors. So our adventure goes on into even broader avenues of geometric algebra.
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9. GEOMETRIC PRODUCT AND GEOMETRIC ALGEBRA
Clifford defined the geometric product 𝒂𝒃 of two vectors 𝒂 and 𝒃 as a sum of inner (scalar, dot)
and outer (wedge) product by setting
𝒂𝒃 = 𝒂 ∙ 𝒃 + 𝒂 ∧ 𝒃

[definition of geometric product for vectors]

which is a valid definition for vectors of all dimensions, that is for 𝒂, 𝒃 ∈ ℝJ where 𝑛 is any
positive integer. This is true because (as we have seen) the inner and outer products are defined in
all dimensions.
The geometric product is denoted simply by 𝒂𝒃 which is an appropriate notation because of the
fundamental nature of this product. Notice that despite its suggestive name the geometric
product is purely an algebraic construct. There is no natural visual illustration for this product in
the same sense as for the outer product (parallelogram) or scalar product (directed projection).
Example: For vectors 𝒂 = 2𝒆G − 𝒆H and 𝒃 = 3𝒆G + 2𝒆H find the geometric products 𝒂𝒃 and 𝒃𝒂.
Solution: We have
𝒂 ∙ 𝒃 = 2 ∙ 3 + −1 ∙ 2 = 4,
𝒂 ∧ 𝒃 = 6𝒆G ∧ 𝒆G + 4𝒆G ∧ 𝒆H − 3𝒆H ∧ 𝒆G − 2𝒆H ∧ 𝒆H
= 4𝒆G ∧ 𝒆H + 3𝒆G ∧ 𝒆H
= 7𝒆G ∧ 𝒆H ,
and hence
𝒂𝒃 = 𝒂 ∙ 𝒃 + 𝒂 ∧ 𝒃 = 4 + 7(𝒆G ∧ 𝒆H )
and
𝒃𝒂 = 𝒃 ∙ 𝒂 + 𝒃 ∧ 𝒂 = 𝒂 ∙ 𝒃 − 𝒂 ∧ 𝒃 = 4 − 7(𝒆G ∧ 𝒆H ) .
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NOTE: We see that the geometric multiplication produces multivectors even though we work with
vectors. The geometric product leads automatically out of ℝH (or ℝJ in general) into 𝔾H (or 𝔾J in
general).

Properties of geometric product
For any vectors 𝒂, 𝒃, 𝒄 ∈ ℝJ and scalar 𝛼 the following are true:
(1)

𝒂𝒃 ∈ 𝔾J .

[closure in 𝔾J ]

(2a) 𝒂 𝒃 + 𝒄 = 𝒂𝒃 + 𝒂𝒄

[distributivity from the left]

(2b)

[distributivity from the right]

(3)
(4)
(5)

𝒃 + 𝒄 𝒂 = 𝒃𝒂 + 𝒄𝒂
(𝛼𝒂)𝒃 = 𝒂 𝛼𝒃 = 𝛼(𝒂𝒃)

[free mobility of a scalar factor]
[associativity]

𝒂𝒃 𝒄 = 𝒂(𝒃𝒄)

[1 is a neutral multiplier]

1𝒂 = 𝒂1 = 𝒂

(6a) 𝒂𝒃 = 𝒂 ∙ 𝒃 = 𝒂 𝒃

[if the vectors 𝒂 and 𝒃 are parallel]

(6b) 𝒂𝒃 = 𝒃𝒂

[if the vectors 𝒂 and 𝒃 are parallel]

(6c) 𝒂𝒂 = 𝒂 ∙ 𝒂 = 𝒂

𝟐

[geometric square is the vector’s norm squared]

(7a) 𝒂𝒃 = 𝒂 ∧ 𝒃

[if vectors 𝒂 and 𝒃 are orthogonal]

(7b) 𝒂𝒃 = −𝒃𝒂

[if vectors 𝒂 and 𝒃 are orthogonal]

(8)

[if vectors 𝒂 and 𝒃 are neither parallel nor orthogonal]

𝒂𝒃 ≠ 𝒃𝒂 and 𝒂𝒃 ≠ −𝒃𝒂

Proof: As an example, we prove the law (2a).
Let 𝒂, 𝒃, 𝒄 be arbitrary vectors in ℝJ . Then we have
𝒂 𝒃+𝒄 =𝒂∙ 𝒃+𝒄 +𝒂∧ 𝒃+𝒄
=𝒂∙𝒃+𝒂∙𝒄+𝒂∧𝒃+𝒂∧𝒄

[by definition of geometric product]
[by distributivity of inner and outer prod.]

= (𝒂 ∙ 𝒃 + 𝒂 ∧ 𝒃) + (𝒂 ∙ 𝒄 + 𝒂 ∧ 𝒄)
= 𝒂𝒃 + 𝒂𝒄 .

[by definition of geometric product]

Proofs of other rules (except the rule (4) of associativity) are equally straightforward. To prove rule
(4) we need to define the geometric product not only for vectors but for multivectors in general.
This will be done later (in Part 2). For the time being we take it for granted that the associativity
holds true.

50
NOTE: Notice the property (8) that the geometric product does not satisfy any general rule of
commutativity nor anticommutativity. This is an inevitable consequence of its definition as a sum
of scalar product (commutative) and wedge product (anticommutative). It might seem a problem
that this useful algebraic rule is now unavailable. However, as noted in (6a)-(6c), for parallel
vectors we have commutativity since the wedge product disappears. Respectively, as noted in (7),
for orthogonal vectors we have anticommutativity since the scalar product disappears. It turns out
that these two special rules largely compensate the loss of a general rule.
GEOMETRIC PRODUCTS OF ORTHONORMAL BASIS VECTORS
Assume that 𝒆G , 𝒆H , … , 𝒆J—G , 𝒆J is a set of orthonormal basis vectors for ℝJ . By rules (6c) and
(7a) their mutual geometric products are
𝒆’ 𝒆’ = 1 ,

[scalar]

𝒆’ 𝒆¤ = 𝒆’ ∧ 𝒆¤ for 𝑘 ≠ 𝑙

[bivector]

For for 𝑘 ≠ 𝑙 we have 𝒆’ 𝒆¤ = 𝒆¤ 𝒆’ . We see that 𝔾J has 𝑛(𝑛 − 1)/2 independent basic bivectors
𝒆’ 𝒆¤ . Besides them32 the basis of 𝔾J contains trivectors 𝒆p 𝒆’ 𝒆¤ , 4-vectors33 etc. and finally the
(only one) 𝑛-vector 𝒆G 𝒆H … 𝒆J . (Different permutations of this product are all equal or opposite to
each other.) And again, if you form a product of more than 𝑛 basis vectors 𝒆’ then such a product
will reduce, by rules (6) and (7), into a product of grade 𝑛 or lower. Hence the total number of
independent basis elements in 𝔾J is 2J .
GEOMETRIC ALGEBRA IN 𝔾H
Let’s take a closer look at the domain ℝH of two-dimensional vectors with the orthonormal basis
𝒆G , 𝒆H and its multivector extension 𝔾H with the extended basis basis 1, 𝒆G , 𝒆H , 𝒆G 𝒆H of four
elements. We have already seen above that 𝔾H is closed under the operations of addition, scalar
multiplication and outer product. Now we compute the geometric product of two 𝔾H -multivectors
𝐴 = 𝛼• ∙ 1 + 𝛼G 𝒆G + 𝛼H 𝒆H + 𝛼GH 𝒆G 𝒆H ,
𝐵 = 𝛽• ∙ 1 + (𝛽G 𝒆G + 𝛽H 𝒆H ) + 𝛽GH 𝒆G 𝒆H .

32

Bivectors were defined as outer products 𝒆’ ∧ 𝒆¤ but we can also write them as geometric
products 𝒆’ 𝒆¤ since for orthogonal vectors the two products are identical. This is not true for nonorthogonal vectors.
33
In more general terminology vector = 1-vector, bivector = 2-vector, trivector = 3-vector etc. Note
that the 4-vectors of geometric algebra have nothing to do with the 4-vectors of relativity theory.

51
As an initial step we calculate the geometric product of the bivectors 𝒆G 𝒆H 𝒆G 𝒆H . We have
[by associativity rule (4)]

𝒆G 𝒆H 𝒆G 𝒆H = 𝒆G (𝒆H 𝒆G )𝒆H
= −𝒆G (𝒆G 𝒆H )𝒆H

[by ortho-anti-comm. rule (7b)]

= −(𝒆G 𝒆G )(𝒆H 𝒆H )

[by associativity rule (4)]

= −(1)(1)

[by (6c)]

= −1 .
So we have an interesting result 𝒆G 𝒆H

H

= 𝒆G 𝒆H 𝒆G 𝒆H = −1, something we have seen earlier

in another context (and we will make a connection below).
Now we are ready to calculate the geometric product of the multivectors 𝐴 and 𝐵.
𝐴𝐵 = 𝛼• + 𝛼G 𝒆G + 𝛼H 𝒆H + 𝛼GH 𝒆G 𝒆H

𝛽• + 𝛽G 𝒆G + 𝛽H 𝒆H + 𝛽GH 𝒆G 𝒆H

= . . . multiply term by term and combine like terms . . .
= 𝛼• H + 𝛼G H + 𝛼H H − 𝛼GH H + 𝛼• 𝛽G + 𝛼G 𝛽• 𝒆G + 𝛼• 𝛽H + 𝛼H 𝛽• 𝒆H
+ 𝛼• 𝛽GH + 𝛼GH 𝛽• + 𝛼G 𝛽H − 𝛼H 𝛽G 𝒆G 𝒆H .
The result is clearly a 𝔾H -multivector ( a combination of scalar, vector and bivector) which proves
that 𝔾H is closed also under geometric product and confirms the role of 𝔾H as the right arena for
geometric algebra.
SIMULATING COMPLEX NUMBERS IN 𝔾H
Let’s now consider the shocking finding that in 𝔾H we have something, namely the bivector 𝒆G 𝒆H ,
which behaves like the imaginary unit 𝑖 in the complex number algebra. Both square to −1. To
simplify the study of this analogy let us denote the bivector 𝒆G 𝒆H = 𝒆G ∧ 𝒆H by symbol 𝐼, that is
𝐼 = 𝒆G 𝒆H = 𝒆G ∧ 𝒆H . This bivector is called the unit pseudoscalar of 𝔾H . (Unit, because its norm
𝐼 = 𝒆G 𝒆H = 1.) So the unit pseudoscalar 𝐼 is an element of 𝔾H which satisfies 𝐼 H = −1.
For obvious reasons we are now curious to investigate 𝔾H -multivectors of the form 𝛼 + 𝛽𝐼, where
𝛼 and 𝛽 are scalar coefficients. Consider two such objects 𝐴 = 𝛼G + 𝛼H 𝐼 and 𝐵 = 𝛽G + 𝛽H 𝐼 and
add them. We get 𝐴 + 𝐵 = (𝛼G + 𝛽G ) + (𝛼H + 𝛽H )𝐼 which is a multivector of the same form. The
geometric product of 𝐴 and 𝐵 is
𝐴𝐵 = (𝛼G + 𝛼H 𝐼)(𝛽G + 𝛽H 𝐼)
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= 𝛼G 𝛽G + 𝛼G 𝛽H 𝐼 + 𝛼H 𝛽G 𝐼 + 𝛼H 𝛽H 𝐼 H

[use the fact 𝐼 H = −1]

= (𝛼G 𝛽G − 𝛼H 𝛽H ) + (𝛼G 𝛽H + 𝛼H 𝛽G )𝐼
being again a multivector of the same form as 𝐴 and 𝐵.
We conclude that the 𝔾H -multivectors 𝑍 of the form 𝑍 = 𝛼 + 𝛽𝐼 constitute a 𝔾H -subdomain
which is closed under all relevant operations (addition, scalar multiplication, geometric product).
This subdomain clearly simulates ℂ, the algebra of complex numbers that we studied earlier in
these notes. In this way the 2D-geometric product can replace the complex product. All concepts
and results of complex algebra (and analysis) can be developed within the framework of geometric
algebra in a subdomain of 𝔾H . This is an interesting demonstration of the power and flexibility of
the ideas of geometric algebra.
ROTATION IN ℝH
We observed that the scalar-bivector combinations 𝑍 = 𝛼 + 𝛽𝐼 behave like complex numbers 𝑧 =
𝑎 + 𝑏𝑖 when the complex product is replaced by the geometric product. You remember that the
unit complex number 𝑒 oƒ = cos 𝜃 + 𝑖 sin 𝜃 (call it rotor) were used to rotate algebraically any ℝH vector 𝒂 = 𝑎G 𝒆G + 𝑎H 𝒆H by an angle 𝜃 in the positive (counterclockwise) direction. This was done
by expressing the vector 𝒂 as a complex number 𝑎 = 𝑎G + 𝑎H 𝑖 and calculating the complex
product 𝑒 oƒ 𝑎 and finally turning the result back into vector form.
Let us see if we can copy this technique with our new 𝔾H -rotors which are of the analogous form
𝑒 §ƒ = cos 𝜃 + 𝐼 sin 𝜃. To test this let us take 𝜃 = 𝜋 4 and apply the rotor 𝑒 §ƒ to the ℝH -vector
𝒂 = 𝒆G + 𝒆H . To calculate the corresponding product 𝑒 §ƒ 𝒂 in 𝔾H we compute, as the first step the
products 𝐼𝒆G and 𝐼𝒆H . We have
𝐼𝒆G = (𝒆G 𝒆H )𝒆G = 𝒆G 𝒆H 𝒆G = −𝒆G 𝒆G 𝒆H = −1𝒆H = −𝒆H
and
𝐼𝒆H = (𝒆G 𝒆H )𝒆H = 𝒆G 𝒆H 𝒆H = 𝒆G 1 = 𝒆G .
Hence
𝑒 §ƒ 𝒂 = cos 𝜃 + sin 𝜃 ∙ 𝐼 𝒆G + 𝒆H
= cos 𝜃 𝒆G + cos 𝜃 𝒆H + sin 𝜃 𝐼𝒆G + 𝐼𝒆H
= cos 𝜃 𝒆G + cos 𝜃 𝒆H + sin 𝜃 −𝒆H + 𝒆G
= cos 𝜃 + sin 𝜃 𝒆G + cos 𝜃 − sin 𝜃 𝒆H .

53
Now for 𝜃 = 𝜋 4 we have cos 𝜃 = sin 𝜃 = 2 2 and therefore the rotated vector is
𝑒 §ƒ 𝒂 = 2 𝒆G ,
which is the vector obtained by rotating our original vector 𝒂 = 𝒆G + 𝒆H by the angle − 𝜋 4, that
is 45° in the negative direction (clockwise). It seems that multiplying the ℝH -vector 𝒂 by the rotor
𝑒 §ƒ from the left rotates the vector by the angle – 𝜃 (i.e. by 𝜃 clockwise). This assumption can be
easily verified by considering a general ℝH -vector 𝒂 = 𝑟(cos 𝛼 𝒆G + sin 𝛼 𝒆H ). A routine
calculation plus some trigonometry shows that then 𝑒 §ƒ 𝒂 = 𝑟(cos(𝛼 − 𝜃) 𝒆G + sin(𝛼 − 𝜃) 𝒆H ).
It is now fairly obvious that the rotation of a vector 𝒂 in the positive direction (counterclockwise) is
accomplished by multiplying the vector from the left by the opposite rotor 𝑒 —§ƒ , so that the
rotated vector is expressed by 𝑒 —§ƒ 𝒂. Again (exercise) you can verify this by computing the
geometric product 𝑒 —§ƒ 𝒂 for a general ℝH -vector 𝒂 = 𝑟(cos 𝛼 𝒆G + sin 𝛼 𝒆H ). A careful
calculation should give the answer 𝑒 —§ƒ 𝒂 = 𝑟(cos(𝛼 + 𝜃) 𝒆G + sin(𝛼 + 𝜃) 𝒆H ).
Alternatively, you can do the rotations by right multiplications. Then we have
𝒂 𝑒 §ƒ = 𝑒 —§ƒ 𝒂,

[rotation of 𝒂 into positive direction by the angle 𝜃],

𝒂 𝑒 —§ƒ = 𝑒 §ƒ 𝒂,

[rotation of 𝒂 into negative direction by the angle 𝜃].

as you can easily see by a straightforward computation.
GEOMETRIC ALGEBRA IN 𝔾M
Let’s consider the domain ℝM of vectors with the orthonormal basis 𝒆G , 𝒆H , 𝒆M and its multivector
extension 𝔾M with the basis 1, 𝒆G , 𝒆H , 𝒆M , 𝒆M 𝒆H , 𝒆G 𝒆M , 𝒆H 𝒆G , 𝒆G 𝒆H 𝒆M of eight elements (one for the
scalar part, three for the vector part, three for the bivector34 part and one for the trivector35 part).
Again a simple though tedious computation shows that 𝔾M is closed under geometric product
(besides being trivially closed under addition and scalar multiplication). So 𝔾M is an appropriate
domain for three-dimensional36 geometric algebra.
34

The order of factors in the basis bivectors is not important because of the orthogonal anticommutativity of the geometric product. The order chosen here is convenient in the next chapter.
35
Any order of factors in the trivector 𝒆G 𝒆H 𝒆M would be equally good (bar the sign).
36
The domain 𝔾M in itself is thus 8-dimensional but it is built on the 3-dimensional domain ℝM of
vectors.
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Above we found that 𝔾H contains an interesting subdomain of elements 𝛼 + 𝛽𝒆G 𝒆H = 𝛼 + 𝛽𝐼
(combinations of scalar and bivector) which behave like complex numbers. In the next chapter we
study the corresponding subdomain of 𝔾M .
SIMULATING QUATERNIONS IN 𝔾M
Consider 𝔾M -scalar-bivector-combinations 𝑃 of the form
𝑃 = 𝛼• ∙ 1 + 𝛼G 𝒆M 𝒆H + 𝛼H 𝒆G 𝒆M + 𝛼M 𝒆H 𝒆G = 𝛼• + 𝛼G 𝐼 + 𝛼H 𝐽 + 𝛼M 𝐾
where we have adopted a simplified notation for bivectors: 𝒆M 𝒆H = 𝐼, 𝒆G 𝒆M = 𝐽 and 𝒆H 𝒆G = 𝐾. By
the property (6c) – orthogonal anticommutativity – it follows (exactly as in 𝔾H ) that 𝐼 H = 𝐽H =
𝐾 H = −1 which brings to our minds the quaternionic imaginary units 𝑖, 𝑗 and 𝑘. Also we have
𝐼𝐽 = 𝒆M 𝒆H 𝒆G 𝒆M = 𝒆M 𝒆H 𝒆G 𝒆M = 𝒆H 𝒆G 𝒆M 𝒆M = 𝒆H 𝒆G 1 = 𝒆H 𝒆G = 𝐾,
𝐽𝐼 = 𝒆G 𝒆M 𝒆M 𝒆H = 𝒆G 𝒆M 𝒆M 𝒆H = 𝒆G 1𝒆H = 𝒆G 𝒆H = −𝒆H 𝒆G = −𝐾.
Similar computations give also
𝐽𝐾 = 𝐼 and 𝐾𝐽 = −𝐼,
𝐾𝐼 = 𝐽 and 𝐼𝐾 = −𝐽.
These results confirm what we anticipated, namely that there is a close analogy between the 𝔾M bivectors 𝐼, 𝐽, 𝐾 and the quaternionic imaginary units 𝑖, 𝑗, 𝑘. So the multivectors of the form of 𝑃
are indeed another version of quaternions that we studied earlier. It is easy to see that the
geometric product of two such multivectors (scalar-bivector combinations) is again of the same
form. This means that the scalar-bivector combinations constitute a closed 4-D subdomain37 of
𝔾M and this subdomain is essentially identical with the domain of quaternions discussed earlier.
The quaternion algebra can therefore be considered as a special case of the geometric algebra in
𝔾M in the same way as the complex algebra was a special case of the geometric algebra in 𝔾H .

37

It is four-dimensional domain because its members 𝛼• + 𝛼G 𝐼 + 𝛼H 𝐽 + 𝛼M 𝐾 are specified by four
real coefficients 𝛼J .

55
EXPRESSING 𝒂 ∙ 𝒃 AND 𝒂 ∧ 𝒃 IN TERMS OF THE GEOMETRIC PRODUCT 𝒂𝒃
We have seen that the complex and quaternionic products of vectors can be expressed as special
cases of the geometric product in 𝔾H and 𝔾M . This is true, even more generally, for inner (scalar or
dot) and outer (wedge) products.
In fact, by the very definition of the geometric product we have
𝒂𝒃 = 𝒂 ∙ 𝒃 + 𝒂 ∧ 𝒃
and
𝒃𝒂 = 𝒃 ∙ 𝒂 + 𝒃 ∧ 𝒂 = 𝒂 ∙ 𝒃 − 𝒂 ∧ 𝒃.

[because 𝒃 ∙ 𝒂 = 𝒂 ∙ 𝒃 and 𝒃 ∧ 𝒂 = −𝒂 ∧ 𝒃]

Hence 𝒂𝒃 + 𝒃𝒂 = 2(𝒂 ∙ 𝒃) and 𝒂𝒃 − 𝒃𝒂 = 2(𝒂 ∧ 𝒃) and consequently we have
𝒂∙𝒃=

1
𝒂𝒃 + 𝒃𝒂
2

and
𝒂∧𝒃=

1
𝒂𝒃 − 𝒃𝒂 .
2

We see that the inner product and outer product can be expressed in terms of the geometric
product. This might seem like a circular definition because we defined the geometric product in
terms of inner and outer products. However, there are cases where the above expressions are
very useful because calculations with the geometric product are often simpler than with the inner
or outer products.
Most importantly, the above expressions make it possible to turn the whole algebra of vectors and
multivectors upside down by taking the geometric product as the primitive concept, a starting
point from which everything else flows out. This is the modern approach to geometric algebra: the
properties (1) – (8) listed above are taken as axioms for the geometric product which is then used
to define other, more special kind of products.
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TRIVECTORS IN 𝔾M
The last member in the 𝔾M -set of basis elements is the trivector 𝑇 = 𝒆G 𝒆H 𝒆M which is also called
the pseudoscalar in 𝔾M . If you take any three vectors 𝒂, 𝒃, 𝒄 in ℝM which are linearly independent
(that is, not in the same plane) then their geometric product 𝒂𝒃𝒄 is also a trivector. An easy
computation however shows38 that 𝒂𝒃𝒄 = 𝛼𝑇, where 𝛼 is a scalar. Hence there is essentially only
one trivector, namely 𝑇, in 𝔾M . In the set of eight 𝔾M -basis elements there is only one scalar (1)
and only one trivector (𝑇) which is one of the reasons why 𝑇 is called a pseudoscalar.
MIRROR REFLECTION OF AN ℝM -VECTOR IN A PLANE
Consider an ℝM -vector 𝒂 placed at the origin and a plane 𝑝 passing through the origin. The plane is
specified by its unit normal vector 𝒏. Our task now is to find an algebraic expressions for the
vector 𝒂′ which is the reflection of 𝒂 in the plane 𝑝 (see Figure 16.)

Figure 16. The (red-framed) plane 𝑝 passes through the origin 𝑂. The unit vector 𝒏 is
perpendicular to the plane. The vector 𝒂 is positioned in the origin 𝑂 and has components 𝒂𝒏 and
𝒂¯ . The component 𝒂𝒏 is parallel to 𝒏 (that is, along the unit normal vector 𝒏) and perpendicular
to the plane. The component 𝒂¯ is parallel to the plane (that is, along the plane) and
perpendicular to 𝒏. We have 𝒂 = 𝒂𝒏 + 𝒂¯ . The vector 𝒂– = −𝒂𝒏 + 𝒂¯ is the reflection of 𝒂 in the
plane 𝑝.

38

Just write the vectors 𝒂, 𝒃, 𝒄 in terms basis vectors 𝒆G , 𝒆H , 𝒆M and multiply term by term (using
distributivity). All individual products are (by orthogonal anticommutativity) equal to 𝑇 or – 𝑇, and
can therefore collected together into one single term 𝛼𝑇.
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We will construct a geometric-algebraic expression for the reflected vector 𝒂– in terms of the
original vector 𝒂 and the unit normal vector 𝒏 which specifies the (mirror) plane 𝑝. As the first
step we find the expressions for the projections 𝒂𝒏 and 𝒂¯ of the vector 𝒂 on the normal vector 𝒏
and and the plane 𝑝. We start our construction with the observation that 𝒏H = 𝒏𝒏 = 1 which
follows from the property (6c) and the fact that 𝒏 is a unit vector, that is 𝒏 = 1. Therefore we
have
𝒂 = 𝒏H 𝒂 = 𝒏𝒏𝒂 = 𝒏(𝒏𝒂)
= 𝒏(𝒏 ⋅ 𝒂 + 𝒏 ∧ 𝒂)

[by definition of geometric product]

= 𝒏(𝒏 ⋅ 𝒂) + 𝒏(𝒏 ∧ 𝒂)

[by distributivity of geometric product]

= 𝒂𝒏 + 𝒏(𝒏 ∧ 𝒂),

[because 𝒂𝒏 = 𝒏 𝒏 ⋅ 𝒂 = 𝒏( 𝒂 cos 𝜃)]

from which it follows that the planar component 𝒂¯ of the vector 𝒂 has the expression
𝒂¯ = 𝒂 − 𝒂𝒏 = 𝒏(𝒏 ∧ 𝒂) .
Using the fact that the wedge product 𝒏 ∧ 𝒂 can be expressed in terms of the geometric product,
G

that is 𝒏 ∧ 𝒂 = (𝒏𝒂 − 𝒂𝒏), we can eliminate the wedge product from the expession of 𝒂¯ and
H

write purely in terms of geometric product
𝒂¯ = 𝒏 𝒏 ∧ 𝒂 = 𝒏

1
𝒏𝒂 − 𝒂𝒏
2

=

1
1
𝒏𝒏𝒂 − 𝒏𝒂𝒏 = 𝒂 − 𝒏𝒂𝒏 .
2
2

G

Similarly, because 𝒏 ∙ 𝒂 = (𝒏𝒂 + 𝒂𝒏) we have for the normal component
H

1
1
1
𝒂𝒏 = 𝒏 𝒏 ⋅ 𝒂 = 𝒏 𝒏𝒂 + 𝒂𝒏 = 𝒏𝒏𝒂 + 𝒏𝒂𝒏 = 𝒂 + 𝒏𝒂𝒏 .
2
2
2
Now we can write the expression for the reflected vector 𝒂′ as follows
𝒂– = 𝒂¯ − 𝒂𝒏
=

1
1
𝒂 − 𝒏𝒂𝒏 − 𝒂 + 𝒏𝒂𝒏
2
2

= −𝒏𝒂𝒏 .
We have proved the following result.
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”Sandwich” formula for reflection
If a vector 𝒂 is reflected in a mirror plane 𝑝 which is defined by its unit normal vector 𝒏, then the
reflection vector 𝒂′ is given by the geometric product
𝒂– = −𝒏𝒂𝒏 .
(In words: the reflection of 𝒂 is obtained by ”sandwiching” 𝒂 between – 𝒏 and 𝒏 and considering
the sandwich as a geometric product.)
The expression – 𝒏𝒂𝒏 for the reflected vector seems a bit strange and suspicious. One may
reasonably doubt whether it is a vector at all! Let us test it in a conrete case.
Example. In ℝM consider the vector 𝒂 = 𝒆G + 𝒆H + 𝒆M . Find the reflection of 𝒂 in the 𝑦𝑧-plane.
Solution: The 𝑦𝑧-plane is defined by its unit normal vector 𝒏 = 𝒆G . We use the sandwich formula
to compute the reflected vector 𝒂′.
𝒂– = −𝒏𝒂𝒏 = −𝒆G (𝒆G + 𝒆H + 𝒆M )𝒆G
= (−𝒆G 𝒆G − 𝒆G 𝒆H − 𝒆G 𝒆M )𝒆G

[bracket multiplied from left by 𝒆G ]

= (−1 − 𝒆G 𝒆H − 𝒆G 𝒆M )𝒆G

[because 𝒆G 𝒆G = 1]

= −𝒆G − 𝒆G 𝒆H 𝒆G − 𝒆G 𝒆M 𝒆G

[bracket multiplied from right by 𝒆G ]

= −𝒆G + 𝒆G 𝒆G 𝒆H + 𝒆G 𝒆G 𝒆M

[by orthogonal anticommutativity]

= −𝒆G + 1𝒆H + 1𝒆M

[by associativity and using 𝒆G 𝒆G = 1]

= −𝒆G + 𝒆H + 𝒆M .
Voilá! The answer clearly conforms with our geometric intuition. (Just sit in the corner of your
room and visualize the situation.)
The above example helps us to believe that the sandwich formula really produces vectors and
these vectors are the required reflections. Indeed, it is fairly straightforward (though a bit tedious)
exercise to prove – following the steps of the example – that for any vectors 𝒂 and 𝒃 in ℝM (or
generally in ℝJ ) the expression 𝒃𝒂𝒃 is always a vector.
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WHY IS THE SANDWICH FORMULA BETTER THAN THE OLD METHODS?
You may wonder what advantage we gain with the sandwich formula compared with old methods.
Looking at the Figure 16 above we see easily that 𝒂– = 𝒂 − 2𝒂𝒏 = 𝒂 − 2 𝒂 ∙ 𝒏 𝒏 which seems a
simpler reflection formula. In the previous example we had 𝒂 = 𝒆G + 𝒆H + 𝒆M and 𝒏 = 𝒆G . Hence
𝒂 ∙ 𝒏 = 1 and hence 𝒂– = (𝒆G + 𝒆H + 𝒆M ) − 2𝒆G = −𝒆G + 𝒆H + 𝒆M . The old method gave the same
answer with much less work!
However, the advantage of the sandwich formula becomes apparent if you have to carry out a
chain of successive reflections. For example, if you reflect the vector 𝒂 first in the plane 𝒏 (i.e. the
plane defined by the unit normal vector 𝒏) and then reflect the reflected vector 𝒃 = −𝒏𝒂𝒏 in
another plane 𝒎, then the final result 𝒄 will be
𝒄 = −𝒎𝒃𝒎 = −𝒎 −𝒏𝒂𝒏 𝒎 = 𝒎𝒏𝒂𝒏𝒎
and if you do one more refletion in the plane defined by the unit normal vector 𝒑 you will end up
to the vector
𝒅 = −𝒑𝒎𝒏𝒂𝒏𝒎𝒑
and so on. The sandwich formula is an effective (and computer-friendly) machine for carrying out
successive reflections. Notice that the front side layer 𝒑𝒎𝒏 and the back side layer 𝒏𝒎𝒑 of the
chained sandwich are in reversed order.
ROTATION OF A VECTOR IN ℝM
In chapter 7 we studied the rotation of an ℝM -vector around a given axis and found a quaternionic
formula for computing the rotated vector. Now we approach the same problem with help of the
geometric product. This approach is related to so-called Cartan-Dieudonné Theorem proved by
these two French mathematicians in 1937. A simplified version of this theorem says that in ℝM
every rotation around the origin can be done by successive reflections in planes. Below we will
present a simple geometric argument to support this statement.
Consider two origin-based unit vectors 𝒎 and 𝒏 with an intermediate angle 𝜔. These vectors
define a plane (through the origin) in ℝM . (We can also say that the outer product 𝒎 ∧ 𝒏 defines
this plane.) Now these vectors (or their outer product 𝒎 ∧ 𝒏) can be used as a specification of a
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rotation of any origin-based vector 𝒂 around the normal of the plane. We will now see that such a
rotation can be viewed (in the spirit of Cartan-Dieudonné Theorem) as a result of two successive
reflections in planes perpendicular to the vectors 𝒎 and 𝒏 (see Figure 17).

Figure 17. The basic plane 𝒎 ∧ 𝒏 through the origin 𝑂 is defined by the unit vectors 𝒎 and 𝒏 with
an intermediate angle 𝜔. The mirror planes 𝑝¡ and 𝑝J are perpendicular to 𝒎 and 𝒏 and
intersect the basic plane along the blue and brown dashed lines which make the same angle 𝜔
with each other. (Of these planes only the dashed intersection lines are shown.)
The process starts with an arbitrary vector 𝒂. First the vector 𝒃 is obtained by reflecting 𝒂 in the
plane 𝑝¡ . Then the vector 𝒄 is obtained by reflecting 𝒃 in the plane 𝑝J . The vector 𝒂 and its
reflections 𝒃 and 𝒄 have obviously equal lengths and the make equal angles with the basic plane.
Hence their tippoints are at equal distances from the basic plane and the circle (elliptic in
perspective) through these tippoints is located in a plane parallel to the basic plane.
In the situation shown in the figure 17 we have (by the sandwich formula)
𝒄 = 𝒏𝒃𝒏 = 𝒏𝒎𝒂𝒎𝒏 = 𝑅𝒂𝑅´ ,
where we have used the notations 𝒏𝒎 = 𝑅 and 𝒎𝒏 = 𝑅´ . The former is called rotor because, as
we will shortly see, it is closely related to rotation. By definition, the rotor 𝑅 = 𝒏𝒎 is a geometric
product of unit vectors which define the mirror planes. Notice that the order of vectors in the
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rotor product 𝒏𝒎 is opposite to the order of reflections: first by 𝒎 and then by 𝒏. The latter rotor
𝑅´ (where the upper index is pronounced ”dagger”) is – for obvious reasons – called the reverse of
𝑅. Notice that 𝑅´

´

= 𝑅.

From Figure 17 it is clear that the vector 𝒄 that results from 𝒂 by double-reflection can also be
obtained by rotating the vector 𝒂 around the axis passing through the origin 𝑂 and the
centerpoint of the circle above (a line perpendicular to the basic plane 𝒎 ∧ 𝒏). In the Figure 18
below we show that the rotation angle from 𝒂 to 𝒄 is equal to 2𝜔, where 𝜔 is the angle between
𝒎 and 𝒏.

Figure 18. The plane of the upper circle in Figure 17 viewed from above. The dashed lines show
the lines of intersection with the vertical mirror planes 𝑝¡ and 𝑝J . The angle between these lines
is equal to 𝜔, the angle between the vectors 𝒎 and 𝒏 in Figure 17. Points 𝐴, 𝐵, 𝐶 are the tippoints
of the vectors 𝒂, 𝒃, 𝒄. The lines 𝑝¡ and 𝑝J bisect the angles 𝐴𝑂𝐵 = 2𝛽 and 𝐵𝑂𝐶 = 2(𝛽 + 𝜔).
From the central triangles of the circle we see that the small central angle between the line 𝑝J and
the radius 𝑂𝐴 is equal to 𝜔 − 𝛽. The central angle 𝐴𝐶𝑂 is then equal to 𝛽 + 𝜔 + 𝜔 − 𝛽 = 2𝜔.
This is the angle of rotation from 𝐴 to 𝐶.
We conclude that the formula 𝒂′ = 𝑅𝒂𝑅´ rotates the vector 𝒂 to vector 𝒂′. The angle of rotation
is twice the angle between the initial unit vectors 𝒎 and 𝒏 from which the rotor 𝑅 = 𝒏𝒎 was
built. Also notice that the orientation of the rotation angle is from 𝒎 to 𝒏. If, for instance, we
want to construct a rotor which rotates vectors by +120° with respect of a given plane then we
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must construct our rotor as the geometric product of unit vectors 𝒎 and 𝒏 in this plane with an
intermediate angle +60° (counted from 𝒎 to 𝒏).
Note: The traditional methods39 rotate vectors around a given axis. In geometric algebra rotation
is defined with respect to a (basic) plane which is specified by an oriented pair of unit vectors
𝒎 and 𝒏, i.e. by a bivector 𝒎 ∧ 𝒏. The difference between these approaches is, to some extent, a
matter of taste, since the rotation axis and rotation plane are closely connected (being
perpendicular against each other in ℝM ). The main advantages of the rotor technique in geometric
algebra are that (1) it offers a neat logic for computer implementation and (2) it generalizes
directly to all dimensions higher than three.
Technical remark: In the following section we need two properties of the scalar product and the
outer product of our unit vectors 𝒎 and 𝒏 with the intermediate angle 𝜔. First we compute easily
the scalar product
𝒏 ∙ 𝒎 = 𝒏 ∙ 𝒎 ∙ cos 𝜔 = 1 ∙ 1 ∙ cos 𝜔 = cos 𝜔 .
Secondly we compute the (geometric) square of the outer product 𝒎 ∧ 𝒏 H , that is the geometric
product of the bivector 𝒎 ∧ 𝒏 with itself. We’ll use five facts: (1) 𝒎 ∧ 𝒏 = − 𝒏 ∧ 𝒎 , i.e. the
anticommutativity of the outer product, (2) 𝒎 ∧ 𝒏 = 𝒎𝒏 − 𝒎 ∙ 𝒏, (3) 𝒏 ∧ 𝒎 = 𝒏𝒎 − 𝒏 ∙ 𝒎 =
𝒏𝒎 − 𝒎 ∙ 𝒏, (4) 𝒏𝒎𝒎𝒏 = 𝒏 𝒎𝒎 𝒏 = 𝒏1𝒏 = 𝒏𝒏 = 1 and (5) 𝒏𝒎 + 𝒎𝒏 = 2(𝒎 ∙ 𝒏) Facts (2),
(3) and (5) follow from the definition of geometric product and the commutativity of scalar
product. Fact (4) follows from the property (6c) of geometric product. Now we have
(𝒎 ∧ 𝒏)H = 𝒎 ∧ 𝒏 𝒎 ∧ 𝒏
=− 𝒏∧𝒎 𝒎∧𝒏
[by fact (1)]
= − 𝒏𝒎 − 𝒎 ∙ 𝒏 𝒎𝒏 − 𝒎 ∙ 𝒏
[by facts (2) and (3)]
= −[𝒏𝒎𝒎𝒏 − 𝒎 ∙ 𝒏 𝒏𝒎 − 𝒎 ∙ 𝒏 𝒎𝒏 + 𝒎 ∙ 𝒏 𝟐 ]
[by distributivity of g. p.]
= −𝒏𝒎𝒎𝒏 + 𝒎 ∙ 𝒏 𝒏𝒎 + 𝒎𝒏 − 𝒎 ∙ 𝒏 𝟐 ]
[by regrouping terms]
𝟐
𝟐
= −1 + 2 𝒎 ∙ 𝒏 − 𝒎 ∙ 𝒏 ]
[by facts (4) and (5)]
𝟐
H
= −1 + 𝒎 ∙ 𝒏 ] = −1 + cos 𝜔
= − sinH 𝜔.
[by trigonometry]
Hence we conclude that the unit vectors 𝒏 and 𝒎 have the following properties:
(P1) 𝒏 ∙ 𝒎 = cos 𝜔 and (P2) (𝒏 ∧ 𝒎)H = − sinH 𝜔 = (𝒎 ∧ 𝒏)H
where 𝜔 is the angle between 𝒏 and 𝒎. Notice, as a special case, that if the vectors 𝒏 and 𝒎 are
orthogonal (𝜔 = 𝜋/2) then 𝒏 ∙ 𝒎 = 0 and (𝒏 ∧ 𝒎)H = −1.
39

The method of so-called Euler angles – invented by the Swiss mathematician Leonhard Euler
(1707-1783) – has been the most influential.
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EXPONENTIAL FORM OF THE ROTOR 𝑅
Let again 𝒎 and 𝒏 be unit vectors as above with the intermediate angle 𝜔 (from 𝒎 to 𝒏 which is
taken as the positive orientation). Then the rotor 𝑅 = 𝒏𝒎 defined by these vectors can be
developed as follows:
[by definition of geometric product]

𝑅 = 𝒏𝒎 = 𝒏 ∙ 𝒎 + 𝒏 ∧ 𝒎
= cos 𝜔 + 𝒏 ∧ 𝒎

[by (P1) above]

= cos 𝜔 − 𝒎 ∧ 𝒏

[by anticommutativity of ∧]

= cos 𝜔 −
Now denote

G
¶·¸ ¹

G

(𝒎 ∧ 𝒏) sin 𝜔.

[

G

¶·¸ ¹

∙ sin 𝜔 = 1]

𝒎 ∧ 𝒏 = 𝐵, which is a bivector. We observe that by the property (P2)

¶·¸ ¹

established above the square of this bivector is
1
𝐵 =
sin 𝜔
H

H

(𝒎 ∧ 𝒏)𝟐 =

1
∙ − sinH 𝜔 = −1 ,
sinH 𝜔

and hence 𝐵 is a bivector with the property 𝐵H = −1 which puts 𝐵 in the same category with the
imaginary unit 𝑖 of the complex plane ℂ as well as the general imaginary unit quaternions 𝑢
discussed above in chapters 5 and 7.
Now the expression of the rotor simplifies to
𝑅 = cos 𝜔 − 𝐵 sin 𝜔.
But this expression has the same form that we have seen before in the context of complex
numbers or quaternions, namely the form cos 𝜔 − 𝑖 sin 𝜔 which, as we learned in chapter 5, can
be written in the exponential form cos 𝜔 − 𝑖 sin 𝜔 = 𝑒 —o¹ . This result40 was called Euler’s formula
and it followed from the fact that 𝑖 H = −1 which is equally true when we replace 𝑖 by 𝐵.
Therefore we can write the rotor 𝑅 in the exponential form
𝑅 = cos 𝜔 − 𝐵 sin 𝜔 = 𝑒 —º¹ .
It is an easy exercise to show that 𝑅´ = 𝒎𝒏, the reverse of 𝑅 = 𝒏𝒎, can be written analogously
𝑅´ = cos 𝜔 + 𝐵 sin 𝜔 = 𝑒 º¹ .

40

It was called Euler’s equation.
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The rotation formula 𝒂– = 𝑅𝒂𝑅´ can now be written in the form 𝒂– = 𝑒 —º¹ 𝒂 𝑒 º¹ . This formula
has the advantage that the rotation angle 2𝜔 is explicitly visible. (Remember that the rotation
angle is twice the angle between 𝒎 and 𝒏.) We can now rewrite the rotation formula as follows.

Geometric sandwich formula for rotating vectors with respect to a basic plane
Let a basic plane through the origin be defined by two unit vectors 𝒎 and 𝒏 with an intermediate
angle 𝜃/2. Let 𝐵 = 𝒎 ∧ 𝒏 / sin 𝜃/2 be the respective unit bivector defined by 𝒎 and 𝒏. Let
𝑅 = 𝒏𝒎 = 𝑒 —º

ƒ/H

and 𝑅´ = 𝒎𝒏 = 𝑒 —º

ƒ/H

.

If an arbitrary vector 𝒂 is rotated by the angle 𝜃 in the plane parallel41 to to the basic plane then 𝒂
transforms into the rotated vector 𝒂′ which is given by the formula
𝒂– = 𝑅𝒂𝑅´ = 𝑒 —º

ƒ/H

𝒂 𝑒º

ƒ/H

,

where the multiplications are geometric.
NB. It is important to understand that in the exponential forms 𝑅 = 𝑒 —º ƒ/H and 𝑅´ = 𝑒 º ƒ/H of
the rotor and its reverse the unit bivector 𝐵 is not directly connected to the vectors 𝒎 and 𝒏 since
it can be any unit bivector defining the same plane that 𝒎 and 𝒏 define. The rotation angle is
coded explicitly in the parameter 𝜃 (see example 2 below).
We notice that the exponential rotation formula above is very similar to the quaternionic one
𝑞– = 𝑒 ”(ƒ

H)

∙ 𝑞 ∙ 𝑒”

—ƒ H

,

which we presented (without any justification) in chapter 5. The main difference is that the latter
one is only valid in ℝM while the former is true in higher dimensions as well.
Example 1: Let us fix the basic plane of rotation to be for simplicity the 𝑥𝑦-plane and choose in
this plane two unit vectors 𝒎 and 𝒏 with an intermediate angle 𝜃 2 = 45° to specify the rotation
by the angle of 90°. Set, for example, 𝒎 = 𝒆G and 𝒏 =

G
H

(𝒆G + 𝒆H ). From them we construct the

rotor 𝑅 and its reverse 𝑅´ :

41

That is, the tail of 𝒂 sits put in the origin while its tip rotates by the angle 𝜃 around the normal
line of the basic plane.
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𝑅 = 𝒏𝒎 =
𝑅´ = 𝒎𝒏 =

1
2
1
2

𝒆G + 𝒆H 𝒆G =
𝒆G 𝒆G + 𝒆H =

1
2
1
2

𝒆G 𝒆G + 𝒆H 𝒆G =
𝒆G 𝒆G + 𝒆G 𝒆H =

1
2
1
2

1 + 𝒆H 𝒆G =

1
2

1 − 𝒆G 𝒆H ,

1 + 𝒆G 𝒆H .

As the initial vector we choose 𝒂 = 𝒆G + 𝒆M which we want to rotate by 90° in the direction 𝒎 to
𝒏 on the plane determined by them. The rotated vector 𝒂′ is
𝒂′ = 𝑅𝒂𝑅´ = 𝑅(𝒆G + 𝒆M )𝑅´
=

1
2

1 − 𝒆G 𝒆H (𝒆G + 𝒆M )

1
2

1 + 𝒆G 𝒆H

1
1 − 𝒆G 𝒆H 𝒆G + 𝒆M 1 + 𝒆G 𝒆H
[do the first product]
2
1
= (𝒆G + 𝒆M − 𝒆G 𝒆H 𝒆G − 𝒆G 𝒆H 𝒆M ) 1 + 𝒆G 𝒆H
[permute, use anticomm. ]
2
1
= (𝒆G + 𝒆M + 𝒆G 𝒆G 𝒆H − 𝒆G 𝒆H 𝒆M ) 1 + 𝒆G 𝒆H
[simplify: 𝒆G 𝒆G = 1]
2
1
= (𝒆G + 𝒆H + 𝒆M − 𝒆G 𝒆H 𝒆M ) 1 + 𝒆G 𝒆H
[do the product]
2
1
=
𝒆 + 𝒆H + 𝒆M − 𝒆G 𝒆H 𝒆M + 𝒆G 𝒆G 𝒆H + 𝒆H 𝒆G 𝒆H + 𝒆M 𝒆G 𝒆H − 𝒆G 𝒆H 𝒆M 𝒆G 𝒆H [simplify]
2 G
1
=
𝒆 + 𝒆H + 𝒆M − 𝒆G 𝒆H 𝒆M + 𝒆H − 𝒆G + 𝒆G 𝒆H 𝒆M + 𝒆M
[simplify]
2 G
1
=
2𝒆H + 2𝒆M
2
=

= 𝒆H + 𝒆M ,
which, indeed, is the correct answer as you can easily visualize (sitting in a corner again).
Remark 1: We have freedom to choose the pair of initial vectors 𝒎 and 𝒏 as long as they are unit
vectors42 and the angle between them (from 𝒎 to 𝒏) is 45°. So, in the previous example we could
have chosen, say, 𝒎 =

G
H

(𝒆G + 𝒆H ) and 𝒏 = 𝒆H without affecting the final answer 𝒂′.

Remark 2: From the example we see that the computations can be (even in this deliberately
tailored simple case) quite tedious. However, the process itself is perfectly mechanistic and can be
easily programmed on a computer which produces the answer in a fraction of a second.

42

In fact, we could choose any vectors 𝒎 and 𝒏 such that 𝒎 𝒏 = 1 and the angle is 45°.
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Example 2: Let us do the same rotation as in example 1 above but using now the exponential
versions of the rotor 𝑅 and its reverse. For the role of 𝐵 we choose the simplest possible unit
bivector which represents the basic plane (here the 𝑥𝑦-plane). So let 𝐵 = 𝒆G 𝒆H = 𝒆G ∧ 𝒆H be our
choice. This 𝐵 is a unit bivector because 𝐵 = 𝒆G ∧ 𝒆H = 𝒆G ∙ 𝒆H ∙ sin 90° = 1 and it has also
the required imaginary unit property43 since 𝐵H = 𝒆G 𝒆H 𝒆G 𝒆H = −𝒆G 𝒆H 𝒆H 𝒆G = −1. So 𝐵 is fine for
the exponential construction of the rotor 𝑅 and its reverse 𝑅´ . For the rotation angle 𝜃 = 45° we
have:
𝑅 = 𝑒 —º

ƒ/H

𝜃
𝜃
1
1
1
= cos − 𝐵 sin =
−
𝒆G 𝒆H =
(1 − 𝒆G 𝒆H )
2
2
2
2
2

𝑅´ = 𝑒 º

ƒ/H

𝜃
𝜃
1
= cos + 𝐵 sin =
1 + 𝒆G 𝒆H .
2
2
2

and

Consequently the given vector 𝒂 = 𝒆G + 𝒆M rotates to
𝒂– = 𝑅𝒂𝑅´ = 𝑒 —º
=

1

1
2
1
=
2
1
=
2
1
=
2
1
=
2
=

2

ƒ/H

𝒂 𝑒º

ƒ/H

1 − 𝒆G 𝒆H 𝒆G + 𝒆M

1
2

1 + 𝒆G 𝒆H

𝒆G + 𝒆M − 𝒆G 𝒆H 𝒆G − 𝒆G 𝒆H 𝒆M 1 + 𝒆G 𝒆H
𝒆G + 𝒆M + 𝒆H − 𝒆G 𝒆H 𝒆M 1 + 𝒆G 𝒆H

[do the first product]
[𝒆G 𝒆H 𝒆G = −𝒆G 𝒆G 𝒆H = −𝒆H ]
[do the second product]

𝒆G + 𝒆M + 𝒆H − 𝒆G 𝒆H 𝒆M + 𝒆G 𝒆G 𝒆H + 𝒆M 𝒆G 𝒆H + 𝒆H 𝒆G 𝒆H − 𝒆G 𝒆H 𝒆M 𝒆G 𝒆H
𝒆G + 𝒆M + 𝒆H − 𝒆G 𝒆H 𝒆M + 𝒆H + 𝒆G 𝒆H 𝒆M − 𝒆G + 𝒆M
2𝒆H + 2𝒆M

= 𝒆H + 𝒆M ,
which coincides with the answer of example 1.
Remark. The advantage of the exponential version of the rotor is that the roles of the basic plane
𝐵 (rotation plane) and the rotation angle 𝜃 have been separated and we can freely represent the
plane by any appropriate44 bivector 𝐵.
43

This property is necessary to make the Euler equation (𝑒 ºÁ = cos 𝛼 + 𝐵 sin 𝛼) true.
44
In fact, we could construct a valid bivector 𝐵 from any non-parallel vectors 𝒂 and 𝒃 in the basic
plane by setting 𝐵 = (𝒂 ∧ 𝒃)/( 𝒂 𝒃 sin 𝛾) where 𝛾 is the angle between 𝒂 and 𝒃.
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10. SCALARS AND PSEUDOSCALARS
We remember that all 𝔾H multivectors are of the form 𝑀 = 𝑎• + 𝑎G 𝒆G + 𝑎H 𝒆H + 𝑎GH 𝒆G 𝒆H where
𝑎’ are scalar coefficients and the vectors 𝒆’ are orthonormal basis vectors for ℝH , the mother
vector space in two dimensions. We see that the multivector space 𝔾H is four-dimensional45
because all elements of 𝔾H are (linear) combinations four basic elements 1, 𝒆G , 𝒆H , 𝒆G 𝒆H . These
elements represent different grades of multivectors. The grade 0 element 1 generates all scalars
(i.e. real numbers), the grade 1 elements 𝒆G and 𝒆H generate all vectors (all of ℝH ) and the grade 2
element 𝒆G 𝒆H generates all bivectors. We found earlier that these four basis elements are
sufficient for constructing everything in 𝔾H . This is so because all possible trivectors (like 𝒆G 𝒆H 𝒆G )
must necessarily have two identical factors (here 𝒆G ) and will therefore reduce to vectors (like in
our example 𝒆G 𝒆H 𝒆G = −𝒆G 𝒆G 𝒆H == −𝒆H ). The same is generally true for all 𝑛-vectors (for 𝑛 ≥ 3)
in 𝔾H . By the rules of geometric product they reduce into scalars or vectors or bivectors.
We notice a nice 1-2-1-symmetry in the set 1, 𝒆G , 𝒆H , 𝒆G 𝒆H of 𝔾H -basis elements. There is one
element of grade 0, two elements of grade 1 and one element of grade 2. The basis elements 1
and 𝒆G 𝒆H are in symmetric positions. Indeed, they have more in common? Both are sovereign
rulers of their subdomains: grade 0 elements and grade 2 elements. All scalars 𝑥 in 𝔾H are scalar
multiples of 1 (𝑥 = 𝑥 ∙ 1) and all bivectors 𝒂 ∧ 𝒃 in 𝔾H are scalar multiples of 𝒆G 𝒆H = 𝒆G ∧ 𝒆H . To
see that the latter is true let 𝒂 = 𝑎G 𝒆G + 𝑎H 𝒆H and 𝒃 = 𝑏G 𝒆G + 𝑏H 𝒆H . Then
𝒂 ∧ 𝒃 = (𝑎G 𝒆G + 𝑎H 𝒆H ) ∧ (𝑏G 𝒆G + 𝑏H 𝒆H )
= 𝑎G 𝑏G 𝒆G ∧ 𝒆G + 𝑎G 𝑏H 𝒆G ∧ 𝒆H + 𝑎H 𝑏G 𝒆H ∧ 𝒆G + 𝑎H 𝑏H 𝒆H ∧ 𝒆H
= 𝑎G 𝑏H 𝒆G ∧ 𝒆H + 𝑎H 𝑏G 𝒆H ∧ 𝒆G

[𝒆G ∧ 𝒆G = 𝒆H ∧ 𝒆H = 0]

= 𝑎G 𝑏H 𝒆G ∧ 𝒆H − 𝑎H 𝑏G 𝒆G ∧ 𝒆H

[𝒆H ∧ 𝒆G = −𝒆G ∧ 𝒆H ]

= 𝑎G 𝑏H − 𝑎H 𝑏G 𝒆G ∧ 𝒆H
= 𝑎G 𝑏H − 𝑎H 𝑏G 𝒆G 𝒆H .

45

This is why the notation 𝔾H may seem misleading as 𝔾H is not two-dimensional. In general 𝔾J
has 2J dimensions. The index 2 in 𝔾H only indicates that the mother vector space is ℝH . (To avoid
confusion some authors have chosen different notations like 𝔾H for the multivector space.)
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So we see that every bivector 𝒂 ∧ 𝒃 is a scalar multiple of the basic bivector 𝒆G 𝒆H = 𝒆G ∧ 𝒆H . We
observe a similarity between scalars and bivectors in 𝔾H . Every scalar is obtained from the unit
scalar 1 by scalar multiplication and every bivector is obtained from the unit bivector 𝒆G 𝒆H , which
is therefore called a unit pseudoscalar, often denoted by 𝐼. Notice that this is not true for the
vectors (grade 1 objects) in 𝔾H . There is no single vector which generates all other vectors as scalar
multiples. While the vectors form a 2-dimensional subspace of 𝔾H , the scalars and pseudoscalars
form 1-dimensional subspaces of 𝔾H .
The notion of pseudoscalar generalizes to higher dimensions as well. In 𝔾M , for example, the set of
eight basis elements is 1, 𝒆G , 𝒆H , 𝒆M , 𝒆G 𝒆H , 𝒆H 𝒆M , 𝒆M 𝒆G , 𝒆G 𝒆G 𝒆H of which the first, 1, is the unit
scalar and the last is the unit pseudoscalar 𝐼 = 𝒆G 𝒆H 𝒆M . Again it can be shown by a straightforward
computation that every trivector 𝒂 ∧ 𝒃 ∧ 𝒄 in 𝔾M is a scalar multiple of the unit pseudoscalar 𝐼.
Another interesting property of the 𝔾J unit pseudoscalar is that its square is a scalar, more
precisely 𝐼 H = ±1, depending on 𝑛. For example, for the 𝔾H unit pseudoscalar 𝐼 = 𝒆G 𝒆H we have
𝐼 H = 𝒆G 𝒆H 𝒆G 𝒆H = −𝒆G 𝒆H 𝒆H 𝒆G = −𝒆G 𝒆G = −1. The same is true for the 𝔾M unit pseudoscalar 𝐼 =
𝒆G 𝒆H 𝒆M as you can easily check. A good exercise is to compute the square of the 𝔾Y unit
pseudoscalar 𝐼 = 𝒆G 𝒆H 𝒆M 𝒆Y .
If you go deeper into the theory and applications of geometric algebra you’ll find a number of
interesting properties and uses of pseudoscalars.
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11. FINAL REMARKS
We have now completed a short excursion to geometric algebra. It was William Kingdon Clifford
(1845-1879) who initiated this field by defining the notions of geometric product and multivectors.
His work was based on the studies of William Rowan Hamilton (1805-1865) – the father of
quaternions – and Hermann Günther Grassmann (1809-1877) who introduced the concept of
outer product. Before them Carl Friedrich Gauss (1777-1855) had already defined the basic ideas
of vector algebra and vector calculus (the latter refers to the concepts of differentiation and
integration as applied to vector functions). Later in the 19th century Josiah Willard Gibbs (18391903) adapted and refined the concepts vector algebra for the purposes of physics. In his
approach the scalar (dot) and vector (cross) products played the minor role while Grassmann’s
and Clifford’s extensions to outer and geometric products turned out unnecessarily complicated
and tedious for hand calculations. Gibb’s formulation of vector algebra became soon very popular
among scientists and (the more abstract) innovations of Grassmann and Clifford fell into oblivion.
However, with the advent of computers in the end of 20th century, they were found again and
developed further as effective tools in computer graphics, space navigation and physics in general.
The notions of outer and geometric product offered new conceptual clarity and flexibility in
studying geometric transformations (like reflections and rotations) and physical systems. With
superfast computers the tedious calculations were no more a problem.
These introductory notes have brought you to the entrance room of geometric algebra. The basic
concepts have been defined and some of their applications have been considered, particularly in
dimensions 2 and 3. Much more, especially for higher dimensions, has been developed during the
last two or three decades. When preparing these notes the author has been digging information
from Wikipedia and other internet sources (searchwords ”geometric algebra”). The most useful,
however, have been the two books listed below.
C. Doran & A. Lasenby: Geometric Algebra for Physicists, Cambridge University Press, 2013 (6th
printing), 578 pages.
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This book presents the theory of geometric algebra and analysis and surveys extensively its
physical applications in classical mechanics, special and general relativity, electromagnetism and
quantum theory. Some applications require fairly advanced background knowledge of the
respective areas.

A. Macdonald: Linear and Geometric Algebra, Alan Macdonald, 2010 (3rd printing), 208 pages.
This book is a systematic mathematical introduction to linear algebra and geometric algebra. The
treatment is concise but accessible.

